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EQUIVALENCES OF DERIVED FACTORIZATION CATEGORIES OF 
GAUGED LANDAU-GINZBURG MODELS 

YUKI HIRANO 


Abstract. For a given Fourier-Mukai equivalence of bounded derived categories of coherent 
sheaves on smooth quasi-projective varieties, we construct Fourier-Mukai equivalences of derived 
factorization categories of gauged Landau-Ginzburg (LG) models. 

As an application, we obtain some equivalences of derived factorization categories of K-equivalent 
gauged LG models. This result is an equivariant version of the result of Baranovsky and Pecharich, 
and it also gives a partial answer to Segal’s conjecture. As another application, we prove that 
if the kernel of the Fourier-Mukai equivalence is linearizable with respect to a reductive affine 
algebraic group action, then the derived categories of equivariant coherent sheaves on the varieties 
are equivalent. This result is shown by Ploog for finite groups case. 
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1. Introduction 

1.1. Background and motivation. A gauged Landau-Ginzburg (LG) model is data {X,W)^ 
consisting of a smooth variety (or an algebraic stack) X with a group G action and a semi invariant 
regular function W on X. For a gauged LG model (X, W)^, we consider a triangulated category 

DcohG(X, W) 

which is called the derived faetorization category of the gauged LG model (X, W)^. If the group G 
is trivial, omitting the subscript G from the notation, we denote by (X, hF) (resp. Dcoh(X, hF)) 
the gauged LG model (resp. its derived factorization category), and call it the LG model. 

Derived factorization categories of gauged LG models play an important role in Homological 
Mirror Symmetry for non-Galabi-Yau varieties [22], and are useful to study derived categories 
of coherent sheaves on algebraic stacks. For example, studying windows in derived factorization 
categories gives a new technique to obtain some equivalences or semi-orthogonal decompositions 
of derived categories of algebraic stacks [27], [3]. 

The triangulated category DcohG(X, hF) is a generalization of the bounded derived category 
of coherent sheaves on X. In fact, for a gauged LG model (X, 0)®”" with trivial Gm-action, its 
derived factorization category is equivalent to the bounded derived category of coherent sheaves 
on X, namely 

DcohG,„(X,0) ^D'^(cohX). 

Hence, it is natural to expect similarities between derived categories and derived factorization 
categories; such similarities are observed in [32], [4], [19], for example. In the present paper, we 
obtain equivalences between derived factorization categories of certain gauged LG models from 
equivalences between derived categories of smooth quasi-projective varieties. 

1.2. Main results. Let Xi and X 2 be smooth quasi-projective varieties over an algebraically 
closed held k of characteristic zero, and G be a reductive affine algebraic group acting on each Xj. 
Let Wi-. Xi^ be a y-semi invariant regular function on Xj for some character y : G ^ Gm, 
and TTj : Xi X X2 —)■ Xj be the projections. Gonsider the hbre product 


Xi x^i X2 



and let j : Xi x^i X 2 Xi x X 2 be the embedding. 

An object P G D'’(cohXi Xai ^ 2 ) whose support is proper over X 2 dehnes the integral functor 

: D'^(cohXi) ^ D'^(cohX 2 ) (-) ^ R7r2*(7rt(-) j,(P)). 

On the other hand, the object P induces an object P G Dcoh(Xi x X 2 ,TTlfW 2 — nlWf) and it 
dehnes the integral functor 

; Dcoh(Xi, Wi) ^ Dcoh(X 2 , W 2 ) (-) ^ R7r2*(7rj[(-) P). 

Furthermore, if the object P is G-linearizable, i.e. it is in the essential image of the forgetful 
functor 


H ; D'^(cohGXi Xai X 2 ) ^ D'^(cohXi x^i X 2 ), 
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then the object P induces an object Pq € DcohG(Xi xX2,7r2hh2 —Trj'hhj") and it dehnes the integral 
functor _ 

: DcohG(Xi, Wi) ^ DcohG(X2, W 2 ) (-) ^ R7r2*K(-) Pg). 

The main result of the present paper is the following: 

Theorem 1.1 (Theorem 5.5). Let P G D'^(cohXi x^i X 2 ) be a G-linearizahle object whose support 
is proper over Xi andX 2 . If the integral functor ^; D'^(cohXi) D’’(cohX 2 ) is an equivalence 
(resp. fully faithful), then so is : DcohG(Xi, ITi) DcohG(X 2 , fT 2 ). 

This theorem is proved when the group G is trivial, the functions hh* are flat, and Xj are smooth 
Deligne-Mumford stacks, in [4]. Combining Theorem 1.1 with the result in [5], we obtain the 
following: 

Corollary 1.2. Let X and be smooth quasi-projective threefolds, and let the diagram 

X 4 F A x+ 

be a flop. Let G be a reductive affine algebraic group acting on X, X+ and Y with the morphisms 
f and f~^ equivariant. Take a semi invariant regular function Wy '■ Y —)■ hf, and set W := f^Wy 
and W~^ := f^*Wy. Then we have an equivalence 

DcohG(X, W) ^ DcohG(X+, fT+). 

The gauged LG models {X,W)^ and {X^ in Corollary 1.2 are K-equivalent. Here, K- 
equivalence means that there exists a common equivariant resolution of the varieties such that the 
pull-backs of the functions of LG models, and the classes of canonical divisors, coincide. We expect 
the following conjecture, which is a generalization of [27, Conjecture 2.15]: 

Conjecture 1.3. If two gauged LG models are K-equivalent, then their derived factorization cat¬ 
egories are equivalent. 

Conjecture 1.3 for gauged LG models with trivial Gm-actions and trivial functions is proposed 
in [16]. 

As another corollary of Theorem 1.1, we obtain the following result. 

Corollary 1.4. Let P G D'’(cohXi x X 2 ) be an G-linearizable object whose support is proper 
over Xi and X 2 . Let Pq G D'^(cohGXi x X 2 ) be an object with n(PG) — P, where H is the 
forgetful functor. If the integral functor ^p : D’’(cohXi) —)■ D’’(cohX 2 ) is an equivalence (resp. fully 
faithful), then so is ^p^ : D’’(cohgXi) —)■ D'’(cohgX 2 ). 

Corollary 1.4 is obtained in the case of smooth projective varieties with hnite group actions by 
[23, Lemma 5]; see also [17]. We can also prove Corollary 1.4 for a hnite group G by using [12, 
Theorem 5.2]. 

1.3. Sketch of the proof of Theorem 1.1. We divide the proof into two steps. The hrst step is 
to prove the equivalence of derived factorization categories of LG models without G-actions. In the 
second step, we equivariantize the equivalence obtained in the hrst step by considering categories 
of comodules over comonads. The idea of using comodules over comonads comes from Elagin’s 
works [11], [12]. 

1st step: In the hrst step, using the technique in the proof of the main result of [1], we show 
that if 

$P : D'^(cohXi) ^ D'^(cohX 2 ) 
is fully faithful, then the induced integral functor 

$p : Dcoh(Xi, Wf -P Dcoh(X 2 , IT 2 ) 
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is also fully faithful. 

We have an object Pl G D'^(cohXi x^i X 2 ) such that its support is proper over Xi and the 
integral functor 

: D*’(cohX 2 ) ^ D'^(cohXi) 

is left adjoint to *hj*(p). Furthermore, the object Pl induces an object Pl G Dcoh(Xi x X2, Trj'hFi — 
712 hF2) with the integral functor 

: Dcoh(X 2 , 1 ^ 2 ) ^ Dcoh(Xi, Wi) 

left adjoint to <Fp. Note that the functor <hp is fully faithful if and only if the adjunction <hp^o<|>p —)■ 
id is an isomorphism. By the argument in the proof of the main result of [1], we see that the 
isomorphism *Fp^ o *hp ^ id implies an isomorphism of functors <Fp 2 o <|>p = id. Since <Fp^ H <hp, 
we see that <hp is fully faithful. If *hj.(p) is an equivalence, its left adjoint *hj.(p^) is fully faithful. 
By the above argument, we see that is also fully faithful, which implies the equivalence of <hp. 
2nd step: We prove that if 

$p : Dcoh(Xi, Wi) Dcoh(X 2 , IF 2 ) 
is an equivalence (resp. fully faithful), then so is 

$p^ : DcohG(Xi, Wi) ^ DcohG(X2, IF 2 ). 

The key tools are categories of comodules over comonads (see section 2 for the dehnitions). A 
G-action on Xi induces a comonad Tj on the category DQcoh(Xj, W). Consider the category, 
DQcoh(Xj, Wi)j., of comodules over the comonad Tj. Then, there are natural functors 

T, : DQcohG(Xi, W,) ^ DQcoh(W, 

which are fully faithful, since G is reductive, and we have an induced functor 

($p)t : DQcoh(Xi,IFi)Ti -A DQcoh(X2, IF2 )t, 

between categories of comodules such that the following diagram is commutative: 


coh 


DQcoh(Xi, 

ri“ 

DcohG(Xi,IFi 


($p)t 


coh 




DQcoh(X2,IF2)¥’’ 

' r2 

- DcohG(X 2 , IF 2 ) 


where DQcoh(Xi, is a certain full subcategory of DQcoh(Xj, lTj)Ti, dehned in section 4.3. 

By the full-faithfulness of <hp and the existence of the left adjoint functor "hp^, we see that the 
functor (‘Fp)t : DQcoh(Xi, —)■ DQcoh(X 2 ,144)^°'^ is fully faithful, whence <hp^ is also fully 

faithful. If <Fp is an equivalence, we see that the composition (‘Fp)T ° (‘^p^)t is isomorphic to the 
identity functor on DQcoh(X 2 , 1 X 2 )^^- This means that the composition <hp^ is isomorphic 

to the identity functor on DcohG(X 2 , IF 2 ). Hence, <Fp^ is essentially surjective, which implies its 
equivalence. 


1.4. Plan of the paper. In section 2, we recall the foundations of the theory of comodules over 
comonads. In section 3 and 4, we introduce dehnitions and basic properties of derived factoriza¬ 
tion categories and functors between them. In section 5, we prove the main theorem and give 
applications of it. 
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1.5. Notation and convention. For a functor F : A ^ B from a category .4, to a category B, 
and a full subcategory C C 4., we denote by F{C) the full subcategory of B whose objects are of 
the form F{C) for some C E C, and denote by Im(F|c) the essential image of F\c, i.e. the full 
subcategory of B whose objects are isomorphic to objects of F{C). 

Let F,G : A ^ B he functors and let a : F ^ G be a functor morphism. For a functor 
P : C ^ A, we denote by aP : F o P ^ G o P the functor morphism given by aP{C) := a{P{C)) 
for any object G E C. For a functor Q : B ^ V, we denote by Qa : Q o F ^ Q o G the functor 
morphism dehned by Qa(A) := Q{a{A)) for any object A E A. 

For any exact category S, Ch'^(£^) denotes the category of bounded complexes in S, K'^(£^) 
denotes the bounded homotopy category of S, and D'^(£^) denotes the bounded derived category 
of 

1.6. Acknowledgments. The author would like to express his deep gratitude to his supervisor 
Hokuto Uehara for his valuable advice and many suggestions to improve this paper. The author 
is a Research Fellow of Japan Society for the Promotion of Science. He is partially supported by 
Grand-in-Aid for JSPS Fellows jj26-6240. 

2. Comodules over comonads 

Categories of comodules over comonads are main tools to obtain the main result. In this section, 
we recall the dehnitions of comonads and comodules over comonads, and provide basic properties 
of them, following [12]. 

2.1. Comodnles over comonads. Let C be a category. We start by recalling the dehnitions of 
comonads on C and comodules over a comonad. 

Definition 2.1. A comonad T = (T, £, J) on the category C consists of a fnnctor T : C ^ C and 
functor morphisms e : T —)■ idc and S : T ^ snch that the following diagrams are commutative: 



Example 2.2. Let P = {P* H P*) be an adjoint pair of functors P* : C ^ V and P* : P —)■ C, 
and let rjp : idc P*P* and Sp : P*P* —)■ id^i he the adjunction morphisms. Set Tp := P*P* and 
Sp := P*r]pP^,. Then T(P) := (Tp, Sp, Sp) is a comonad on V. 


Definition 2.3. Let T = (T, e, J) be a comonad on C. A comodnle over T is a pair (G, dc) of an 
object G E C and a morphism 9c ■ G ^ T{G) snch that 

(1) £(G) o Oc = idc 

(2) the following diagram is commutative: 


G 


Sc 


Sc 


> T(G) 

TiSc) 


T{G) T2(G). 


Given a comonad T on C, we dehne the category Cj of comodules over the comonad T as follows: 
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Definition 2.4. Let T = {T,e,S) be a comonad on C. The category Cj of comodules over T on 
C is the category whose objects are comodules over T and whose sets of morphisms are defined as 
follows; 

Hom((Ci, (C^ 2 , Oc,)) ■■= {f.C,^C^\ T{f) o Oc, = 9^ o /}. 

For a full subcategory B C C, we define the full subcategory Cf C Cf as 

Ob(C^) := {(C, Oc) e Ob(CT) I (F ^ 5 for some B G B). 


Remark 2.5. Let {C,9c) G Cf. By definition, there exist an object B E B and an isomorphism 
ip ■. C ^ B. If we set 6b '■= T{(p)6cl>~^, then the pair {B,9b) is an object of Cj and <p gives an 
isomorphism from {C,9c) to {B,9b) inC^. 

For a comonad which is given by an adjoint pair [P* H P*), we have a canonical functor, called 
comparison functor, from the domain of P* to the category of comodules over the comonad. 

Definition 2.6. The notation is the same as in Example 2.2. For an adjoint pair P = (P* H P*), 
we define a functor 

Fp : C —)■ 'Df(p) 

as follows: For any C E C and for any morphism / in C 

Tp{C):={P*{C),P*{vp{C))) and Fp(/) := P*(/). 

This functor is called the comparison functor of P. Restricting Fp to a full subcategory B c C, 
we have a restricted functor 

PI . » _V 

The following proposition gives sufficient conditions for a comparison functor to be fully faithful 
or an equivalence. 

Proposition 2.7 ([11] Theorem 3.9, Corollary 3.11). The notation is the same as in Example 2.2. 

(1) If for any C E C, the morphism rjp{C) : C —)■ P^P*{C) is a split mono, i.e. there is a 
morphism C,c '■ P*P*{C) -E- C such that ( o rjp{C) = idp, then the comparison functor 
Fp : C —)■ T>t(p) is fully faithful. 

(2) If C is idempotent complete and the functor morphism rjp : idc — )■ P*P* is split mono, i.e. 
there exists a functor morphism ( : P*P* —)■ idc such that ( o rj = id, then Fp : C —)■ Pt(p) 
is an equivalence. 


2.2. Functors between categories of comodules. We introduce the notion of linearizable 
functors which induce natural functors between categories of comodules. Let A (resp. B and C) be 
a category and let (resp. Tg = (T,b,£b,(5b) and Tc = (Tc,ec,Sc)) be a comonad 

on A (resp. B and C). 

Definition 2.8. A functor F : A ^ B is called linearizable with respect to T _4 and Tg, or just 
linearizable, if there exists an isomorphism of functors 
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such that the following two diagrams of functor morphisms are commutative : 

^ m 7~T / r\\ i—im ^ 


( 1 ) 


FT 


A 


Fea 


TbF 


( 2 ) 


£bF 


F 


FTj, 

FSa 

FTl 


TnF 




5bF 


TlF 


We call the pair (F, hi) a linearized functor with respect to T _4 and T^, and the isomorphism of 
functors hi is called a linearization of F with respect to T _4 and Tg. 


If F : ^ —> 13 is a linearizable functor with a linearization : FT 4 2^- TgF, we have an induced 
functor 

Fq '■ —> i3Tg 

dehned by 

F^{AeA)-.= {F{A),^l{A)oF{eA)) and Ff,(/) := F(/). 


Lemma 2.9. Let F : A ^ B and G : B C be linearizable functors with linearizations <h : 
FT 4 ^ TqF and : GTg TcG respectively. Then the composition GF is a linearizable functor 
with linearization := d'F o G<h and {GF)q = G^F$. 

Proof. By definition it is sufficient to prove that 

GFeA = £cGF oLl and TcLl o LlT^o GF6a = ScGF o Ll. 

The former one of the above equations follows from easy diagram chasing as follows. 

GFsa = GiesF o $) = GsbF o G<^ = {scG o T)F o Gd* = ScGF o n, 

where the first and third equations follow from the commutativity of the diagrams corresponding 
to (1) in Definition 2.8. The latter one is verihed as follows; 

TcLl o LITa o GF6a 

= TcTF o TcG$ o TFT^ o o GF6a 

= F(;TF o 'hFgF o GTb^ o G^Ta o GF6a 

= F^TF o TFgF o G(Fg<h o ^Ta o FSa) 

= T^TF o TTgF o G{6bF o $) 

= o TFg o G5b)F o G*h 

= (dcG o T)F o G<l> 

= dcGF o Q, 

where the second equation follows from the functoriality of T, and the fourth and the sixth equa¬ 
tions follow from the commutativity of the diagrams corresponding to (2) in Dehnition 2.8. □ 

The next proposition gives a sufficient condition for a restriction of the functor Fq associated 
with a linearized functor (F, D) to be fully faithful or an equivalence. 

Proposition 2.10. Let F : A B be a linearizable functor with a linearization Q : F o Ta 
Tb o F. Let C C A be a full subcategory of A and let V C B be a full subcategory of B containing 
F{C). Assume the following condition: 
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(*): Hom(C, T^(C")) A Hom(F(C), F(T2(C"))) is an isomorphism for any C, C" G C and 
n = 1,2. 

If F\c : C ^ V is fully faithful (resp. an equivalence), then the functor 

^Te 

is also fully faithful (resp. an equivalence). 

Proof. Assume F\c is fully faithful. At first we show that Fq is fully faithful on 

Let C := {CAc) and C := {O'Ac) be objects of Aj^. By Remark 2.5, we may assume 

that C and C are objects of C. For f,g G Hom(C, C') C Hom^(C, C"), if Ro(/) = FQ{g), then 
F{f) = F{g) as morphisms in B. Since F is fully faithful on C, this implies that f = g as 
morphisms in A, whence f = g in A-^^. Hence Fq is faithful. 

Take any morphism h G Hom(Fn(C'), ^^((7')). Since F is full on C, there exists a morphism 
/ G Hom(C', C) such that F{f) = h, and we have the following commutative diagram: 


F{C) FiTAC)) ^ TsiFiC)) 


F{f) 


TsiFif)) 


F{C') FiTAC’)) ^ Ts{F{C')) 

By the functoriality of H, the following diagram is commutative: 

F{TAC)) ^ Ts{F{C)) 


f(TaU)) 


Tb{fu)) 


F{TAC')) ^ Ts{F{C')) 

Combining commutativity of the above diagrams, we have 


F{TM) ° Oc) = F{e'c o /) 

since r2(C") is an isomorphism. By the condition (*) in the assumption, we see that T^(/) o Oc = 
O'c ° /) which implies that / is a morphism in A^_^. Hence Fq is full. 

Assume F\c is an equivalence. We verify that the functor FqI^c : A^^ —)■ is essentially 

surjective. Since F\c is an equivalence, it is sufficient to prove that for any object (R, Ob) G Bj^ 
with B = F{C) for some C E C, there exists an object (C,0c) ^ Aj^ such that Ffi{C,0c) = 
{B,0b)- By the condition (*), we know that there exists a morphism Oq '■ C ^ T^C) such that 
F{0c) = o Of(^c) '■ F{C) —)■ F(TAC)). To show that the pair {C,0c) is an object of 

we check two conditions in Dehnition 2.3. Considering the following commutative diagram; 
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we see that F(e_ 4 (C) o 9c) = Since F\c is fully faithful, we obtain 

£a(C) o 6*0 = idc, 

which is the hrst condition in Dehnition 2.3. By the following commutative diagram; 


FiTAiC)) 



we see that F{Sa{C) o 9c) = F{Ta{9c) o Oc)- By the condition (*), we obtain 

^a{C) o 9c = Ta{Oc) o Oc, 

which is the second condition in Dehnition 2.3. Hence, the pair [C, 9c) is a comodule over T_ 4 , 
and we see that Fc{C,9c) = {F{C),9f{c)) by the construction of {C,9c)- □ 

The following lemma gives a useful criteria for a functor to be linearizable with respect to 
comonads which are constructed from “compatible” adjoint pairs. 


Lemma 2.11. Assume that we have the following diagram of functors; 


A - - - 


n 


t\ 


P* Q* 


w 

A 

F' 

\J 

in/ 


where P := {P* H P*) and Q := {Q* H Q*) are adjoint pairs. Assume that we have two iso¬ 
morphisms of functors D* : FP* — )■ Q*F' and D* : P'P* —)■ Q^^F. Let D : FTp —)■ TqF be the 
composition of functor morphisms Q*Ll^ o Q*P^. Consider the following two diagrams of functor 
morphisms: 


Q*F'P, — Q*Q,F (ii) F' Q.Q*F' 



£qF F'rjp 


. Fep 

—T 7—T/ T~ 



FP*P^ F F'P^P* Q^FP* 


If the above two diagrams are commutative, then (P, D) is a linearized functor with respect to T(P) 
and T((5), and there exists an isomorphism of functors E : FqT p TqF'. 

Proof. We verify that the diagrams corresponding to ones in Dehnition 2.8 are commutative. The 
commutativity of (i) immediately implies the commutativity of the diagram corresponding to (1) 
in Dehnition 2.8. We show that if the diagram of (ii) is commutative, the diagram corresponding 
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to (2) in Definition 2.8 is commutative. By the functoriality of D* and r]Q, the following diagrams 
of functor morphisms are commutative; 


FP*P^ 

FP*r]pP, 


o*p* 


Q*F'P. 

Q*F'r,pP^ 


Q* p p* p 

p^p*pp*p * * ^ /n* Z7'D D* ; 


and 


F'P* 
o* 


rtpiF'P^ 


Q*F'P,P*P, 

Q*Q*F'P, 

I (3*Q*0* 


voQfP 

Q.F{B) -^-- Q,Q*Q*F 

Hence, we have equations of functor morphisms 

(a) : Q*P,P*P, o FP*7]pP, = Q*F'ripP, o QTP, 


and 

(6) : rjqQ^F o D* = Q^Q*VL^ o tjqF'P^. 

We see that the diagram corresponding to (2) in Dehnition 2.8 is commutative as follows; 


TqVl o VtTp o F6p 

= TQ{Q*n, o n*p,) o {Q*n, o n*p,)Tp o f6p 
= Q*Q,{Q*n, O Q*p,) o {Q*Q, o Q*P,)P*P, o FP*7]pP, 

= Q*Q,Q*n, o Q*Q,n*p, o Q*n,p*p, o {n*p,p*p, o fp*t^pP,) 

(a) ^ = Q*Q,Q*n, O Q*Q,n*P, o Q*n,P*P, O {Q*F'r]pP, o n*p,) 

= Q*Q,Q*Q, O {Q*Q,Q*P, o Q*Q,P*P, o Q*F'ripP,) o 
= Q*Q,Q*VL, o Q*{Q,Qr o VL,P* o PV)P* o 
(ii) ^ = Q*Q,Q*n, o Q*7IqF’P, o D*P, 

= Q*iQ,Q*n,or]QF’P,)on*P, 

{b)^ = Q*{riQQ,Fon,)on*P, 

= Q*vqQ*f o Q*n, o n*p, 

= SqF o n, 

where the fourth, seventh and ninth equations follow from the above equation (a), the commuta¬ 
tivity of (ii) and the above equation (b) respectively. Hence (P, D) is a linearized functor. 

For any A G A! ^ let S(H) := By constructions, we have Pnrp(H) = {FP*{A),flP*{A) o 

FP*7jp{A)) and rQP'(H) = {Q*F'{A)^Q*7]qF'{A)). We show that S(— ) dehnes a functor mor¬ 
phism S : PqF p —)■ FqP'. So we have to verify that D*(H) is a morphism in Pt(q) for each A G A1 ^ 
i.e., verify the following diagram is commutative: 

-^ Tq{FP*{A)) 


QAqF\A) 


FP*{A) 

n*(A) 

Q*F'{A) 


|rQ(o*(A)) 

Tq{Q*F'{A)) 
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By the functoriality of and the commutativity of (ii), we see that the above diagram is com¬ 
mutative as follows: 

Tq{Q*{A)) o QP*{A) o FP*7]p{A) 

= Q*Q,n*{A) O Q*n,P*{A) O n*P,P*{A) O FP*rip{A) 

= Q*Q,n*{A) O Q*n,P*{A) O {n*{P,P*{A)) O FP*{rip{A))} 
functoriality of il* ^ = Q*Q^:il*(A) o Q*il^P*(A) o {Q*F'(rip(A)) o 

= o n,P*{A) o F'{rip{A))} o 

iA}^ = Q*VQF\A)on*{A). 

Hence S(—) dehnes a functor morphism, and it is an isomorphism. □ 


In the following, we give an important lemma to prove the main theorem. Notation is same as 
the above lemma. Let G : B ^ A and G' : B' A! be functors. Let C C A, V C B, C C A' and 
V C B' be full subcategories with F{A) C V, G{V) C C, P*{C') C C and Q*{V') C V. Now we 
have the following diagram of functors; 


F\c 



G'\-pt 


Let Q.*p : FP* ^ Q*F', ftp, : F'P, ^ Q,F, : GQ* ^ P*G' and Qq* ■ G'Q, ^ P,G be 
isomorphisms of functors such that the diagrams corresponding to (i) and (ii) in Lemma 2.11, 
namely the following diagrams, are commutative. 


Q*F'P, 

o*p* 

FP^P* 




Q*Q,F 


Fep 


F 


F' 


VqF' 


F'rjp 

pip p* 


o*p* 


Q*Q.F' 

\ 

QM* 

Q,FP*, 


p*n. 


P*G'Q. 

0*Q* 

GQit:Q* 

Set Vlp := Q*nF^ O n*pP^ and Vic := o ^*gQ*- 


Gsq 


P*P,G 

epG 

G 


G' 


VpG' 


G'iiq 

G'Q^:Q* 


o*(5* 


P*P^G' 

p*o* 

P.GQ*, 


Lemma 2.12. Notation is same as above. Assume that the adjunetion morphisms ? 7 p : id —)■ P^P* 
and rjQ : id ^ Q*Q* are split mono, and for any D eV and A E A there is a natural isomorphism 

S(D,H) : Iloms{D,F{A)) = Rom^{G{D),A) 
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which is functorial in D and A. Then, if F\c : C ^ V is fully faithful, so is F'\c' : C' —> V'. 
Moreover, if F\c and G'\vi are fully faithful and the following diagram (a) of functor morphisms 
is commutative, F'\c' is an equivalence. Define a diagram by 


W: 


GFP*\a 
I 

U)P* 


p* 


GFP*P,P* Ic' GQ*Q,FP* 


P*Vp 


\C' 


P*P^GFP*y 
p*p*wp* 

P*P.P*\r.', 


where u : GF\c —)■ idc is the adjunetion morphism of the adjoint pair (G|p> H F\c) given by S(—, *). 

Proof. By the assumption and Lemma 2.11, {F,Qp) and (G, Hg) are linearized functor, and we 
have the following commutative diagram of functors 


An I 


•^T(P) 


F U! 


■T(P) 


^T(Q) 


TpIc' 

G 


P'\c' 


v. 


Since the adjunction morphisms rjp and pq are split mono, the comparison functors Tp ■. A' 
^T(P) and Vq ■. B' ^ 'Bt(q) are fully faithful functors by Proposition 2.7. 

We show that if F\c is fully faithful, then the condition (*) in Proposition 2.10 is satished, i.e. 
the map F : Hom(Gi, Tp(G 2 )) —)■ Hom(F(Gi), F{Tp{G 2 ))) is bijective for any G* G C and n = 1, 2. 
Consider the following commutative diagram of maps 


Hom(Gi,T^(G 2 ))--- Hom(G(F(Gi)), Tjl(G 2 )) 



Hom(F(Gi),F(T”(G 2 ))) 


Since F\c is fully faithful, uj{Gi) is an isomorphism, whence the maps in the above diagram except 
for F are bijective. Hence, the condition (*) in Proposition 2.10 is satished, and we see that if F\c 
is fully faithful, then F'\ci is also fully faithful by Proposition 2.10. 

Assume that F\c and G'l©/ are fully faithful and that the diagram (a) is commutative. Since the 
diagram (a) is commutative, the functor morphism u:P*\c' : GF\cP*\c' —t P*\c' induces a functor 
morphism u' : Gq^ o Fq^^ o Pplc' ^ Tplc'- Since F\c is fully faithful, u' is an isomorphism of 
functors. Since we have Gq^ o o Pp|c' — Pp o G' o F'|c' and Pp is fully faithful, the functor 
isomorphism uj' implies an isomorphism of functors G'F'|c' ^ id^'. Hence G'l^/ : D' C is an 
equivalence, and therefore, F'\c' is also an equivalence. □ 


3. Derived factorization categories 

In this section, we give dehnitions and foundations of categories with potentials, and construct 
derived factorization categories of them. We also construct functors between factorization cate¬ 
gories from cwp-functors. 
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3.1. Factorization categories. Let A be an exact category in the sense of Quillen (see [26]). 
First of all, we define potentials on A. 

Definition 3.1. A potential of .4. is a pair ($, IF) of an exact equivalence ^ : A ^ A and 
a functor morphism W : id^ —)■ <F such that <hlF = 1F<F. The triple {A,^,W) is called a 

category with a potential. 

Let (<h, W) be a potential of A. A factorization of (<h, W) is a sequence in A 



such that ipQO(p^ = W{Ai) and o = W{Ao). Objects Ai and Aq in the above sequence 

are called components of the factorization A. 

Definition 3.2. For a category with a potential (4., <F, IF), we dehne a dg-category 5^(4., <F, IF), 
whose objects are factorizations of (<h, IF), as follows. For two factorizations A,B E 5^(4., <h, IF), 
the set of morphisms Hom(A, i?) is a complex 

Hom(A,5) ;= 0Hom(A,5)^ 

with a differential d on Hom(A, B) given by 

d{f) of - if / e Hom(A, 

where 

Hom(A, 5)2” ;= Hom(Ai, $”(5i)) © Hom(Ao, $”(5o)) 

Hom(A, 5)2 ”+i ;= Hom(Ai, $^(5o)) © Hom(Ao, $^+^(5i)). 

We call 5^(4., <h, IF) the factorization category of {A, <h, IF). 


For any dg-category H, we dehne two categories Z^(V) and H^(V) whose objects are same as 
P and whose morphisms are dehned as follows; 

Homzo(^)(A,5) := Z°(Homi,(A, 5)) 

Hom^,o(i,)(A,5) := 50(Hom^(A, 5)), 
where Homx)(A, B) in the right hand sides are considered as complexes. 


Remark 3.3. The categories Z°(3'(4,, <h, IF)) and <h, IF)) are generalizations of categories 

of classical matrix factorizations introduced by Eisenbud [10]. 

Let A, B be objects in <h, IF)). Then the set of morphisms from A to B can be described 

as follows: 

Hom^o(;j (_4 $^vu))(A, 5) = {(/i,/o) | /* : Aj —)■ 5j and the diagram (a) is commutative.} 


(A): 


Ai 






ro 


h 


Bi 


<p? 


fo 


Bn 


Vo 


<h(Ai) 

$(5i) 


The set of morphisms in the category H^{'^{A, <h, IF)) can be described as the set of homotopy 
eguivalence classes o/Hom 20 ( 5 (yi $ ,iu))(A, 5); 

Homj^o(g^(_4^$jy))(A, 5) = Hom20(g^(_4^$jy))(A, 5)/ ~ . 
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Two morphisms f = (/i,/o) and g = {gi,go) in Hom^o( 5(_4 $ 5) are homotopy equiva¬ 

lence if there exist morphisms 

/iq ; ^0 —^ and. h\ i —y Bq 

sueh that /q = 9?f/io + 

Definition 3.4. For each i = 0,1, we have a natural exact functor 

defined by {Ai —A Aq —^ <F(yli))j := Ai. This functor extends to an exact functor of their derived 
categories, 

(-), ; W"))) ^ D^^). 


Proposition 3.5. The category <F, W)) is an exact category. Furthermore, if A is abelian 

category, then Z^{^{A,^,W)) is an abelian category. 

Proof. Assume that A is abelian category. At first, we show that Z^{^{A,^,W)) is an abelian 
category. For any morphism / = (/i, /o) : A ^ B in $, IF)), let 

ki ■ Ki ^ Ai 

be the kernel of fi : Ai ^ Bi for each i = 0,1. By the universal property of kernels, there exist 
morphisms ip^ : Ki —)■ Kq and : Kq —)■ <h(iFi) such that the following diagram is commutative: 


Ki 




Kn 


Vo 


$(iFi 


fci 

d.i 


rt 


A, 


fco 
0 " 


ro 


Hki) 

$(Ai) 


Since we have an equality <F(/ci) o o pf^) = <F(A;i) o IF(A'i), and <h(/ci) is injective, we have 
Pq o p^ = IF(iFi). Similarly, we see that ^{pi) o p^ = IF(A’o). Hence, 

K := {K, <h(i^i)) 

is an object of Z°(5'(A, <F, IF)). Since, Ki is the kernel of fi, K is the kernel of /. Similarly, we 
see that Z^(^(A, <h, IF)) admits cokernel of any morphism, and we obtain a natural isomorphism 
Ini(/) = Coim(/). Hence, <h, IF)) is an abelian category. 

Next, we show that Z°(5'(A,, <F, IF)) is an exact category. Let A be the category of left exact 
functors from to the category of abelian groups (in a fixed universe containing A). By [26], 
the category A is an abelian category, and we have a fully faithful functor 

h '. A —y A, 

such that h embeds A, as a full subcategory of A closed under extensions, and a sequence 

A' ^ A ^ A" 

in A is exact if and only if h carries it into an exact sequence in A (the category A is called the 
abelian envelope of A). We define an exact autoequivalence <F : A —)■ A and a functor morphism 
IF ; id^ —)■ <h as follows: For an object F G A, we define <h(F) := F o (<|)°p)“^ G A and 
fF(F) := FW°P(<h°P)-i : F Fo ($°p)-i where W°p(<F°p)-i : id^op ^ (<|>°p)-i is the composition 

id^op <F°P o (<|.°p)-i ($°P)-i 
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Since the functor h is compatible with potentials, it induces a fully faithful functor 

By this embedding, we obtain a natural structure of exact category on <h, W)). □ 

For an object A G Z^(^(A, <F, hF)), we can construct a twisted-periodic inhnite sequence Com(A) = 
(Com(A)*, d\) in A with ° d\ = hF(Com(A)*) as follows; 

Com(Al)2* := $*(Alo), Com(Al)2*-i := <F*(Ali), 

4' := <iV‘ ■= 

For a morphism / = (/i,/o) G Aouiz°('s(A,^yv)){.A, B) C Hom(zli,i?i) © Hom(zlo,-Bo), we dehne a 
morphism Com(/) = (Com(/)*) from Com(A) to Com(.B) as follows: 

Com(/)2* ;= $*(/o) Com(/)2-i ;= <F*(/0 

Definition 3.6. Let C* = (■■•—)■ C* —)■•••) be a bounded complex of Z°(g'(Fl, <F, W)). 

We dehne the totalization of C* as an object Tot(C'*) G Z^{'^{A,^,W)) in a similar way to 
construct the total complex of a double complex, i.e., 

Tot(C'-) := (Ti^To^$(Ti)), 

where 

T, := 0 Com(C-)', 

i+j=-l 

b|com(cqj •= Com((5^»)-^ + (— 

Let (f* : C* D* be a morphism of complexes of Z^{'^{A,^,W)). We dehne a morphism 
Tot((^*) : Tot(C'’) ^ Tot(B)’) in Z^{^{A,^,W)) as 

Tot((/?*) := (ri,ro), 

where 

Ez|com(©y := Com(99*)L 
Taking totalizations gives an exact functor 

Tot : C\i^{Z\'^{A, $, W))) Z\'^{A, <F, W)). 

In what follows, we will see that the category <h, hF)) has a structure of a triangulated 

category. 

Definition 3.7. We dehne an automorphism T on H^{^{A,^,W)), which is called the shift 
functor, as follows. For an object A G <h, hF)), we dehne an object T{A) as 

T{A) := (Ao ^ $(Ao)) 

and for a morphism / G Hom(A,.B), a morphism T(/) G Hom(T(A),T(.B)) is suitably dehned. 
For any integer n G Z, denote by (— )[n] the functor T”(—). 
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Definition 3.8. Let f : A ^ B he a morphism in <h, W)). We define its mapping cone 

Cone(/) to be the totalization of the complex 

( - 

with B in degree zero. 

A sequence in <h, W)) of the form 

A^B^ Cone(/) A A[l], 

where i is the natural injection and p is the natural projection, is called a standard triangle and 
a sequence which is isomorphic to a standard triangle is called distinguished triangle. 


Proposition 3.9. H^{^{A,^,W)) is a triangulated category with respect to its shift functor and 
its distinguished triangles. 

Proof. This follows from an argument similar to a proof showing that homotopy categories of exact 
categories are triangulated categories. □ 

Following Positselski (cf. [24] or [9]), we define derived factorization categories. 

Definition 3.10. Denote by AcycF'’®(.4., <F, W)) the smallest thick subcategory of H^{^{A, <h, W)) 
containing all totalizations of short exact sequences in Z^{^{A,^,W). E G ^,W)) is 

called absolutely acyclic if it lies in AcycF'^®(4,, <h, IF)). The absolute derived factorization 
category of {A, <F, W) is the Verdier quotient 

$, W) := H%^{A, W))/Acycr^\A, 4>, W) 


Definition 3.11. Assume A admits small coproducts. Denote AcycF°(4., <F, IF)) the small¬ 
est thick subcategory of <h, IF)) containing all totalizations of short exact sequences 

in <F, IF) and closed under taking small coproducts. E G <h, IF)) is called 

co-acyclic if it lies in AcycF°(4,, <h, IF). The co-derived factorization category of (4., <h, IF) 
is the Verdier quotient 

D“(A IF) := fF))/AcycF°(A W) 

Remark 3.12. {l)Let S be an exact category, and take a complex E* in S; 

fjn — 1 jn 

E* = -^ ^ ^ ^ 

We say that the complex E* is exact if all kernels and images of differentials exist, and for any 
n E Zj, we have natural isomorphisms 

Im(d"-^) ^ Ker(d’^). 

Let B be an abelian category, and let C be a strictly full additive subcategory of B which is closed 
under extensions. The category C has a natural structure of an exact category. If C admits either 
all kernels or all cokernels, then a bounded complex in C is exact in the above sense if and only if 
the complex is exact in B. 

{2)Note that in the definitions ofAcycP^^{A, <h, IF) and AcycF°(4,, <h, IF), we can replace the words 
“ totalizations of short exact seguences” with “ totalizations of bounded exact seguences”. 
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By the next lemma, we see that the totalization functor 

Tot : W))) ^ W)) 

induces a functor 

Tot : K'^iZ^^iA, W))) H\'^{A, <h, W)) 

which is an exact functor of triangulated categories. This functor naturally induces an exact 
functor 

Tot : Y)^{Z^{'S{A, W))) $, W). 

Lemma 3.13. Let ip* : C* ^ D* be a morphism in <h, IT))). If p* is homotopic to 

zero, i.e. p* = t) in K^{Z^{'^{A, <h, W))), then Tot(v 7 *) = 0 m H^{^{A, <h, W)). 

Proof. Let : C* —)■ and 5^, : —)■ be differentials of complexes C* and D*, and set 

S = {S, ^ So ^ HS,)) :=Tot(C'-), 

T = (Ti ^ To ^ $(Ti)) ;= Tot{D*) 

and 

T = (t,7-o) := Tot(97*), 

where T; : S'; —)■ T;. If 99 * = 0 in K^{Z^{^{A, <h, W))), then there exist morphisms h* : C* —)■ 
such that p^ = We dehne two morphisms do : S'o —)■ Ti and di : <h(5'i) —)■ Tq in 

A as 

(^ilcomic^y ■= Com{hy 

for each I = 0,1. Then we have 
(-Sldo + <h(di)to) |com(Cbl 

= (Com(5y)^' + {-iy-^(P^,_,)Com{hy + <l>(di) (Com(5^.)' + (-1)'40 
= com((5y)^com(h0^’ + {-iy-yy_yom{hy + comy+ycom{syy + {-iycom{hy+yy 
= Com{5yy^ + h^^yyy 

= To|com(CipL 

where dy_i and dy are morphisms in the inhnite sequences Com(Zl*“^) and Com(C'*) respectively. 
Hence, we have Tq = Sido + <h(di)to- Similarly, we obtain <h(ri) = Sodi + <h(do)<h(ti). Hence, 
Tot((^*) = 0 in $, W)). □ 


Consider an exact functor of exact categories 

T:A^Zy^{A,<l>,0)), 

which is dehned by 

t{A) := (0 —^ ^ 0). 

Then this functor induces an exact functor of triangulated categories 

Definition 3.14. We dehne an exact functor 

T : D'^(^) ^ D'^^"(A<l>,0) 

as the composition 

D^(^) 4 D'^iZy^iA, $, 0))) ^ <!>, 0). 
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3.2. cwp-functors. Let (^, (i3, ILg) and (C, ^c,Wc) be categories with potentials. 

Definition 3.15. Let F ; ^ be an additive fnnctor. F is compatible with potentials with 
respect to (<hyi, WX) and (<he, Ws) if there exists a fnnctor isomorphism a ; X such 

that WbF = a o FWj,. We call the pair (F, a) a cwp-functor and write 

{F,a) : {AXa,Wa) ^ {BXb,Ws). 

We just say F is a cwp-functor and write F : {A, WX {B, $6, W^) when there is no 
confusion about what a is. 

A cwp-functor (F, a) : (.4., WX (i3, $ 0 , Ws) induces a natural dg-functor 

j^(F, a) : -> d{B, Wb) 

as follows. For objects A,Bg WX and for a morphism / G Hom(Aj, <F^(Fj)), we define 

j^(F,a)(A) := (f(Ai) F(Ao) $b(F(Ai))) 

and 

m^)U) ■■= aXB,)oF{f) G Hom(F(A),$g(F(F,))), 

where a'^ : F<l>^ ^ <l>gF is the functor isomorphism induced by a. By the construction, we 
see that the morphism 5^(F, a) : Hom(A,F) -A- Hom(g^(F, (j)(A), 5(F, (t)(F)) preserves degrees of 
complexes and is compatible with differentials. 

In the following lemma, we give fundamental properties of dg-functors give as i^(—). Since the 
proof is straightforward, we skip the proof. 

Lemma 3.16. Let {F,a) : {AXaiWX {BXbiWb) and {G,t) : {BXb,Wb) — t (C, <hc, Wc) be 
cwp-functors. Then we have 

(1) (G o F, tF o Ga) is a cwp-functor, and we have 

diG o F, tF o Ga) = 5(G, r) o j^(F, a). 

(2) If F is fully faithful, so is 5^(F, a). 

(3) If F is an equivalence, so is ^{F,a). 


Definition 3.17. Let (F, a), (F', a') : {AXj\^,WX (BXs^Wb) be cwp-functors and let a : 
F —)■ F' be functor morphism. We say that a is a cwp-functor morphism if the following 
diagram of functor morphisms is commutative. 


F^a ^bF 


F'^a 


I 

^bF' 


If a is a cwp-functor morphism, we write a : (F, a) —)■ (F', a'). 


A cwp-functor morphism a : (F, a) -A- (F', a') induces a functor morphism 


d{a):d{F,a)^d{F’,a') 


defined by 


diXiA) ■■= (a(Ai), a(Ao)) G Hom(F(Ai), F'(Ai)) © Hom(F(Ao), F'(Ao)). 
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Since a is a cwp-functor morphism, the following diagram is commutative, 

a{Ai)oF{ip^) 


a{Ai) 


Fivt) 


- FiAo) 

o(Ao) 


$B(F(yli)) 

4 -h(o(Ai)) 


’ F'(^f) ^ a'(Ai)oF'(ip^) ^ 

F'(Ali)- F'iAo) >> ^(FXAli)), 

which means that 1 ^(q;)(A) G Z°(Hom(F(yl), F'(yl))) for any A G I^a)- 


Definition 3.18. Let {F,a),{F',a') : (a4, <hyi, WOi) (-B, $6, hLg) be cwp-functors and let a : 
(F, a) -A- (F', a') be a cwp-functor morphism. For a cwp-functor (G, ju) : (C, <Fc, hFc) {A, <h^, WX), 
we dehne a cwp-functor morphism 

a(G', /i) : (F o G, /iF o Ga) ^ (F' o G, /iF' o Ga') 

as q;(G, /i)(G) := q;(G(G)) for any G ^ C. Similarly, for a cwp-functor {H,u) : (F, $6, IFg) -A 
(C, <hc) bFc); we dehne a cwp-functor morphism 

(F, z/)a : (F o F, z/F o Fa) ^ (F o F', z/F' o Fa') 

as (F, z/)q;(a 1) := H{a{A)) for any A E A. 


The next lemma gives fundamental properties of functor morphisms given as 5^(—). The proof 
is left to the reader. 

Lemma 3.19. Let (F, a), (F', a') and (F", a") be ewp-functors from {AXai'^a) to 
and let a : (F, a) -A- (F', a') and {3 : (F', a') -A (F", a") be cwp-functor morphisms. Then 

(1) /3 o a : (F, a) -A (F", a") is a cwp-functor morphism, and we have 

g'(/3 oa) = 5'(/3) 0 : 5 ( 0 ) 

(2) If a is an isomorphism of functors, so is 5(q;). 

(3) For a cwp-functor (G, p) : (C, <hc; bFc) (a 4, <h^, WX, wo have 

5(q;(G,/i)) = 5(a)5(G,/i). 

Similarly, for a cwp-functor (F, u) : (F, <he, 1 Tb) ^ (C, *^* 0 , hFc), izze have 

5((F, F)a)=d{H, z/)5(a). 


Next, we introduce the notion of cwp-adjunction of cwp-functors. 

Definition 3.20. Let (F, a) : {A, IT^) ^ (F, $b, Wb) and (G, r) : (F, $b, ITb) ^ {A, TOi) 
be cwp-functors. We say that (F, a) is left cwp-adjoint to {G,t), denoted by (F, a) H (G,r), if 
F is left adjoint to G and adjunction morphisms are cwp-functor morphisms. 


Lemma 3.21. In the same notation as above, assume {F,a) H {G,t) and let e : {FG,aG o Ft) -A- 
idB and rj : id^ -A {GF, tF o Ga) be adjunction morphisms which are cwp-functor morphisms. 
Then 5(F, a) H ^{G, r) and 

5(e) : d{F, a) o ^{G, r) —)■ id5(B,<i>B,iUB) 

S'(h) : id5(A,-i-^,iu^) ^ r) o 5(F, a) 
are the adjunction morphisms of the adjoint pair 5(F, a) H 5(G, u). 
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Proof. Since e : FG —)■ idg and rj : id^^ —)■ GF are adjunction morphisms of the adjoint pair F H G, 
the following compositions are identities of functors; 

F FGF ^ F and G ^ GFG % G. 


By Lemma 3.16 and Lemma 3.19, the following compositions are also identities of dg-functors; 


and 




5(G, r) 5(G', r)j?(F, r) 5(G, r). 


Hence, we have an adjunction 5(.F, o') ^ i?(G, r), and and ^{rj) are adjunction morphisms. □ 


We give dehnitions of relative adjoint functors and basic properties of it after [31]. 


Definition 3.22. Let Ci, C 2 and V be categories and let F : Ci —)■ F, G : F —)■ C 2 and J : Ci —)■ C 2 
be functors. F is called left J-relative adjoint to G (or J-left adjoint to G) if for each 
G G Cl, F G F there is an isomorphism 

Homi 5 (F(G), D) = Homc,(J(G), G(F)) 
which is functorial in G and D. 

Dually, F is called right J-relative adjoint to G (or J-right adjoint to G) if for each 
G G Cl, F G F there is an isomorphism 

Homi5(F, F(G)) ^ Homc2(G(F), J(G)) 
which is functorial in G and F. 


Remark 3.23. 

(1) Relative adjointness is not symmetric property, i.e. although F is J-left adjoint to G, G is not 
J-right adjoint to F in general. 

(2) If F is J-left adjoint to G, there is a functor morphism 

/i : J —)■ GF 

such that fi{G) : J{G) —)■ G(F(G)) corresponds to idi?(c). 

Similarly, if F is J-right adjoint to G, there is a functor morphism 

v.GF^J 

such that z^(G) : G(F(G)) J(G) is corresponding to idir(c 7 ). 

The above functor morphisms /x : J — )■ GF and v : GF — )■ J are called the front adjunction. 

By the next lemma, we see that the existence of a front adjunction implies a relative adjunction. 

Lemma 3.24 ([31] Lemma 2.7). The notation is the same as in Dehnition 3.22. The functor F is 
J-left adjoint to G if and only if there exists a functor morphism /i ; J —)■ GF such that for each 
G E Cl and F G F the composition of maps 

Hom(F(G),F) ^ Hom(G(F(G)), G(F)) Hom( J(G), G(F)) 

is a bijection. 

Similarly, F is J-right adjoint to G if and only if there exists a functor morphism v : GF —)■ J 
such that for each G G Ci and D E V the composition of maps 

Hom(F,F(G)) Hom(G(F), G(F(G))) H°m(G(n),KC))^ Hom(G(F), J(G)) 
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is bijective. 

Similarly, the notion of relative cwp-adjunction is given in the following. 

Definition 3.25. In the same notation as in Dehnition 3.22, let (<hj, Wi) and ('h, V) be potentials 
of Ci and V respectively. Let (F, a) : (Ci,$i,IFi) ^ (G',r) : {V,^,V) (C2, $2, ^"2) 

and (J, 17 ) ; (Ci,<hi,hLi) ^ (C 2 , $ 2 , hl 2 ) be cwp-functors. (F, a) is called (J, ? 7 )-left cwp-adjoint 
to (G, r) if F is J-left adjoint to G and the front adjunction is cwp-functor morphism. 

Dually, we say {F,a) is (J, ? 7 )-right cwp-adjoint to (G,r) if F is J-right adjoint to G and the 
front adjunction is cwp-functor morphism. 


Lemma 3.26. Notation is the same as in Dehnition 3.25. If (F, a) is {J,rj)-left ewp-adjoint to 
(G,t) and : J —)■ GF is the front adjunetion, then 5^(F, a) is ^{J,ri)-left adjoint to 5(G, r) and 
the front adjunetion is —)■ 5(G,r)5^(F, a). 

Similarly, if (F, a) is (J, p)-right ewp-adjoint to (G, r) and v is the front adjunetion, then 5'(F, a) 
is ^{J,ri)-right adjoint to 5^(G,r) and the front adjunetion is ^iy). 

Proof. If (F, a) is (J, ? 7 )-left cwp-adjoint to {G,t), then the front adjunction : J —)■ GF is 
cwp-functor morphism, and the composition 

Hom(F(G),F) ^ Hom(G(F(G)), G(F)) Hom( J(G), G(F)) 

is a bijection. Hence, the composition of morphisms 

Hom(j?(F, a)(G), D) Hom({5(G, r) o j^(F, a)}(G), j^(G, r)(F)) 

and 

Hom({j?(G, r) o j^(F, a)}(G), j^(G, r)(F)) Hom(g(;.)(C),^(G,r)(D))^ Hom(j^( J, 77 )(G), 5(G, r)(F)) 

is also bijective. By Lemma 3.24, we see that '^{F,a) is J,? 7 )-left adjoint to 5^(G,r), and the 
front adjunction is : '^{J,r]) —)■ jJ(G, r)5’(F, a). 

The latter statement can be proved in a similar way. □ 

In what follows, we dehne cwp-bifunctors. 

Definition 3.27. Let P : A x B ^ C he a bifunctor. We say that F is compatible with 
potentials with respect to (<h^, Wjf), (<he, Ws) and (<hc, Wc) if there are bifunctor isomorphisms 
; F($^ X idg) —)■ <hcF and as '■ F(id^ x $ 0 ) —)■ <hcF such that 

B) o F(W^(H), B) + B) o F(H, Wb{B)) = Wc{P{A, B)) 

and 

<l>c(aB(H, B)) o ^b{B)) = <l>c(a^(H, B)) o B) 

for any A ^ A and B E B. By the latter equation above, and induce a natural functor 
isomorphism : F(<h^ x <hg) A for any m,n E Z. The triple (F, ag) is called 

cwp-bifunctor and we write 

(F, ats) : (A, 4>^, x (F, Wb) ^ (C, <l>c, Wc). 


For a cwp-bifunctor (F, : (A, <F^, IF 4 ) x (B, ^b, Wb) -E (C, <hc,IFc), we dehne a dg- 

bifunctor 

^(P, as) : ^(A, 0 ^(B, ^b, Wb) ^ ^{C, 4>c, Wc) 
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as follows. For any object A = {Ai Aq $^(yli)) G i^(^, Wj) and B = {Bi Bq — 
^b{Bi)) G <Fb, Wb), we define the object ^{P, a^, at 3 )(A, B) G d{C, <Fc, bFc) as 

(p(Ai, Bo) © P{Ao, Pi) ^ P{Ao, Bo) © <Fc(P(Ai, Pi)) ^ <Fc(P(Ai, Bo)) © $c(P(dlo, Pi))), 
where 

^ V-aB(Ai,Pi) oP(id,^/>^) a^(yli,Pi) oP((^^,id)y 

and 


,, _ F. 4 Gi.®o)o^’( 43 o,id) -$i;(d’(id,i/'f))'\ 
he(^„,Bi)oP(id,V>„®) tciPift.id)) J ' 


For a morphism / : (A, P) —)■ (A', P') in <h^, Wj\) © j^(P, IFg), we dehne the morphism 
5'(P, a_A, (TB){f) : g'(P, o-A, (^b){A, B) g'(P, ci^, aB){A', B') by the following rule, 


5'(P,a^,ai5)(^™ 




kl) 


(-l)degKd$^(cT™-»^(yl',, B[) o P(^™ , J) if i = A; = 1 
^ ^/) ^ P(g^j, k^^) Otherwise 


where G Hom^(Aj, ^'^i^'j)) h^i 


G HomH(Pfc,<Fg(P;')). 


Definition 3.28. Let Q : .4,°^ x P — )■ C be a bifunctor. We say that Q is compatible with 
potentials with respect to (‘hyt, Wj), (<F6; hFn) and (<Fc 5 hFc) if there are bifunctor isomorphisms 
F4 • Q((‘f ’)4 )~^ X idg) ^ ^cQ and tb : Q(id^ x $g) A- ^cQ such that 

-tAA, B) o Q((<iJV(W^(A)), B) + tb{A, B) o Q{A, Wb(B)) = Wc(Q(A, B)) 

and 

P)) o r^( 4 , ^b{B)) = $c(r^(A P)) o rB(($J)-'( 4 ), P) 

for any A ^ A and B E B, where ; 4,°^ A- 4,°^ is the opposite equivalence of and 
idyiop is the opposite functor morphism of hF^. By the latter equation above, r 4 and 
Tb induce a natural functor isomorphism x <Fg) —)■ for any m,n E h. The 

triple {Q,t_a,tb) is called cwp-bifunctor and we write 

{Q, ta, tb) : (A iF^)°P X (P, $ 11 , Wh) ^ (C, $C, Wc). 


For a cwp-bifunctor {Q,t_a,tb) ; (Fl, $yi, hF 4 )°P x (P, $g, We) -A- (C, $C;hFc); we dehne a dg- 
bifunctor 

d{Q, r^, Tb) : $^, W^)°p © j^(P, $e, Wb) ^ i^(C, $c, We) 

as follows. For any object A = (4i Aq $_4(4i)) G S^(x 4, $^, hF 4 )°P and P = (Pi 
Po ^ <he(Pi)) G g'(P, $e, fhe), we dehne the object g'(Q, ©i, re)(4, P) G g'(C, $c,lTc) as 

^((5(4i, Pq)) © Q{Ao, Pi) Pe Q{Ao, Bq) © Q{Ai, Pi)) —^ Q{Ai, Bo) © ^c{Q{Ao, Pi))), 

where 

^id)o((WO)(4i,Po))-i g(id,^f)\ 

^ V*^c^(^B(dli,Pi) og(id,^/>^)) Q{(pf,A)J 


and 
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° -r^(zlo,5i) o (g($-i((^jf),id))y ■ 

For a morphism / : {A, B) —)■ {A\ B') in hF^)°'’ 0 $6, hFg), we define the morphism 

d{Q,rA,rB){f) : 5'(Q, 'rB)(A, 5) ^^(g, r^, rB)(A', 5') by the following rule, 

d{Q,TA,Ti3){g^j ^ Ki) 

^ U^-\T^’-iA’,Bl)oQ{g'^^,hli)oT^’^{A,,Bo)-^) a t = l k = 0 

1^ (—5;) o Q{g'^j, h^ i) o Bk)~^) otherwise 

where g^^j G Hom_ 4 op(<F^(Aj), A') and G Hom(i?fc, <Fg(i?;)). 


3.3. ind/pro-categories and their factorization categories. In this section, we recall the 
notion of ind-categories and pro-categories, and study factorization categories of ind/pro-categories. 
For the detail of ind/pro-categories, see [7] or [15], for example. 

At first, we recall the definition and the foundations of ind/pro-categories. 

Definition 3.29. A small category X is called filtering if the following properties hold; 

(1) For any objects i, i' G X, there exist an object j G X and morphisms i ^ j and i' —)■ j. 

(2) For two morphisms u,v : k' ^ k inX, there exist an object I G X and a morphism w : k ^ I 
such that w o u = w o V. 

A small category J7 is called cofiltering if its opposite category is filtering. 


Definition 3.30. Let C be a category. 

(1) We define the ind-category of C, denoted by Ind(C), as follows: 

An object of Ind(C) is a functor D : X ^ C with X filtering. For two objects D : X ^ C and 
E \ J —)■ C, we define the set of morphisms as 

Homind(c)(-D,-E) := Ijm liuji RomciDji), Ejj)). 
i&X j&J 

(2) We define the pro-category of C, denoted by Pro(C), by the following: 

An object of Pro(C) is a functor P : X ^ C with X cofiltering. For two objects P : X ^ C and 
Q : J —)■ C, we define the space of morphisms as 

Hompro(c)(^, Q) := 1 /m lin^ Homc(P(f), g(.?)). 

j&J i€X 


Remark 3.31. (1) IFe have a natural equivalence 

Pro(C) ^ Ind(rP)°P. 

(2) Let D : X ^ C and E ■. J ^ C he objects of Ind(C). The set of morphisms Homind(c)(-D, E) is 
interpreted as the set of equivalence classes of maps of systems defined as follows: 

A map of systems from D to E is a pair where 9^ : Ob(X) —)■ Ob(j7) 

is a map from Ob(X) to Ob(j7), and (pi G Homc(D(i), i7(6*(p(i))), such that for any morphism 
V : i ^ i' in X there are j E J', u : 9^{i) —)■ j and u' : 6^{i') —)■ j such that the following diagram 
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is commutative: 





Two maps of systems (p = {{pi}iei,d^) and tjj = 6*,/,) are equivalent if for each i E X, 

there exist j G Oh{J), u : 0^{i) —)■ j and v : 6^{i) -E j such that the following diagram commutes: 

E(e^(i)) 



E{0t(()) 


We denote by [p] the morphism from D to E in Ind(C) corresponding to the equivalence class 
of a map of systems p. With this notation one can easily write down the composition of [p] G 
Hom(D, E) and [ip] G Hom(i?, H), where H ■. K. ^ C. The composition is given by 

[^] ° M = [({^0^(i) ° ° d^)]- 

(3) Let P :T ^ C and Q ■. J ^ C be objects o/Pro(C). Similarly to ( 2 ), the set Hompro(c) (-P, Q) 
is interpreted as the set of equivalence classes of maps of systems defined by the following: 

A map of systems from P to Q is a pair p = {{pj}j<Ej-, 0^) where 9^ : Oh{J) —)■ Ob(X) 
is a map from Oh{J) to Ob(X) and pj G }lomc{P{Oy,{j)),Q{j)), such that for any morphism 
v ■ j j' in J there are i G X, m : i —)■ 6^p{j) and u' : i ^ such that the following diagram 

is commutative: 


PW))^Q{f) 



Two maps of systems p = {{Pj}j£j, 9^) and tp = {{fjjPjej) (ine equivalent if for each j G ff, 
there exist i G Ob(X), u : i ^ and v : i ^ such that the following diagram commutes: 



Pi^) QU) 



pmj)) 
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We denote by [ip] the morphism from P to Q in Pro(C) corresponding to the equivalence class of 
a map of systems p. Let [p] G Hom(P, Q) and [ip] G Hom((5, R) be morphisms, where R : 1C C. 
The composition of [p] with [fj] is given by 

M ° M = [({^fc ° Te^{k)}k&K, 0^ o dp)]. 


Definition 3.32. For C E C, i{C) : {1} —)■ C is the functor from the category {1} with a unique 
object, 1, and a unique morphism, idi, defined by <.(C)(1) := C. l{—) defines natural functors 

find : C Ind(C) 

tpro • C — y Pro(C). 

By the constructions, the functors tind and ipro are fully faithful. 


Remark 3.33. Ind(—) defines an endofunctor on the category of functors, i.e. 

(a) A functor F : C ^ V induces a natural functor 

Ind(F) : Ind(C) Ind(P>) 

as follows: For an object D : X C E Ind(C), the object Ind(F)(D) is defined by F o D : X -E V. 
For another object D' : X' ^ C and for a morphism [p] : D ^ D', Ind(F)([ 99 ]) is defined by 
[{{F{pi)}i(zx,6^p)]. The following diagram is commutative. 


Ind(C) 

^Ind 

C- 


Ind(F) 


Ind(P>) 


F 


I tind 

V 


ip) Let F,G : C -E V be functors. A functor morphism a : F ^ G induces a natural functor 
morphism 

Ind(Q;) ; Ind(F) —)■ Ind(G) 

as follows: For an object D : X ^ C E Ind(C), the morphism Ind(Q;)(D) is defined by [{{aD{i)}i^x, idx)]- 
Similarly, Pro(—) defines an endofunctor on the category of functors, i.e. 

{a') A functor F : C ^ V induces a natural functor 

Pro(F) : Pro(C) —)■ Pro(P) 

as follows: For an object P : X ^ C E Pro(C), the object Pro(F)(P) is defined by {F o P : X -E V). 

For another object P' : X' ^ C and for a morphism [p] : P ^ P', Pro(P)([(/9]) is defined by 
[{{F{pii))ii(zx',0^)]. The following diagram is commutative. 


Pro(C) — > Pro(P) 

i L 

C - - --P 


{b') Let F,G : C ^ V be functors. A functor morphism a : F ^ G induces a natural functor 
morphism 

Pro(Q;) : Pro(P) —)■ Pro(G') 

as follows: For an object P : X -E C E Pro(C), the morphism Pro(Q;)(P) is defined by [(Q;P(i))jgi, idj)]. 
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Proposition 3.34. We have the following: 

(1) IfC is an abelian category, then the categories Ind(C) and Pro(C) are abelian categories. 

(2) If 8 is an exact category, then the categories Ind(£^) and Pro(£^) are exact categories. 

(3) If F : A ^ B is an exact functor of exact categories, then the functors Ind(F) : Ind(.4,) 
Ind(i3) and Pro(F) : Pro(.4,) —)■ Pro(i3) are exact functors. 

Proof. (1) This follows from [15, Theorem 8.6.5.] 

(2) This is [25, Proposition 4.18.] 

(3) Since we can take abelian envelopes of the exact categories A and B, and extend the functor 

F to a functor between the abelian envelopes (see the proof of Proposition 3.5), we may assume 
that A and B are abelian categories. Then we obtain the result by [15, Corollary 8 . 6 . 8 .] □ 

Let {A, Wji) be a category with a potential. Then 

Ind(A := (Ind(^),Ind($^),Ind(fP)) 

Pto{A,^A,Wa) := (Pro(^),Pro($^),Pro(fP)) 

are categories with potentials. Since the natural functor tjnd : A —)■ Ind(.4,) (resp. tpro : A —> 
Pro(.4,)) is compatible with potentials with respect to {^A)^a) and (Ind(<h_ 4 ), Ind(hP)) (resp. 
(Pro(<h_ 4 ), Pro(hP))), it induces a natural fully faithful functor 

5(Tnd) : 5(^, ^ 5Ind(^, <l>^, fP^) 


(resp. 5 '(tPro) : ^(-A, <h^, Wa) -t S'Pro(.A, <l>^, Wa) )• 

Let (F, a) : (.4., IP 4 ) ^ (B, $ 6 , W^) be a cwp-functor. Then 

Ind(F, a) := (Ind(F), Ind(a)) : Ind(^, Wa) ^ Ind(F, 4 >b, Wb) 


Pro(F, a) := (Pro(F), Pro(a)) : Pro(A Wa) ^ Pro(F, Wb) 
are cwp-functors, and the following diagrams are commutative: 

i?Ind(^, <l>^, fP^) > dlnd{B, d>B, Wb) i?Pro(^, <l>^, fP^) > dPro{B, fP^) 


itland) 





ffland) 

dhpro) 





S(F,a) 


Wb) 


a,Wa)- 

UFA 



iJl'-Pro) 


4. Derived factorization categories of gauged LG models 

Let X be a quasi-projective variety and let G be an affine algebraic group acting on X over an 
algebraically closed held k of characteristic zero. Let a : G x X ^ X be the morphism dehning the 
action, ttiGxX—)-X bea projection and : X —)■ G x X be an embedding given by t 1 —)■ (e, x), 
where e G G is the identity of group G. 
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4.1. Equivariant sheaves and factorization categories of ganged LG models. 

Definition 4.1. A quasi-coherent (resp. coherent) G-equivariant sheaf is a pair {J^,0) of a 
quasi-coherent (resp. coherent) sheaf and an isomorphism 6 : 7 i*J^ A- a*J^ such that 

i*6 = id^ and ((1 g x a) o (s x Ix))*^ ° (1g x Tr)*^ = (m x Ix)*^, 

where m : G x G —)■ G is the multiplication and s:GxG—)-GxGis the switch of two factors. 
A G-invariant morphism (p : —)■ (^^ 2 ,^ 2 ) of equivariant sheaves is a morphism of sheaves 

If : J ^2 which is commutative with 6 i, i.e. a*(p o 6 ^ = 62 o 7 r*ip. 

We denote by Qcohg(X) (resp. cohG(X)) the category of quasi-coherent (resp. coherent) 
G-equivariant sheaves on X whose morphisms are G-invariant morphisms. And we denote by 
Injg(X), LFrG(W) and IfrG(W) the full subcategories of Qcohg(X) consisting of injective quasi- 
coherent equivariant sheaves, locally free equivariant sheaves and locally free equivariant sheaves 
of finite ranks. 

Let L G PicG(W) be a G-equivariant invertible sheaf on X and let W G H^{X,L)^ be an 
invariant section of L. 

Definition 4.2. We call the data {X,L,W)'^ a gauged Landau-Ginzburg model or gauged 
LG model, for short. We sometimes drop the script L from the notion {X, L, W)^, and write 
{X, W)^ ii there is no confusion. 

The pair {L,W) := ((—) 0L, (—) ® W) is a potential of Qcoh( 5 (X), cohG(W), Inj( 5 (X), LFrG(W) 
and IfrG(W), where W is considered as the morphism W : Ox L corresponding to the section 
of L. 

Definition 4.3. We define factorization categories of {X, L, W)^ as 

QcohG(X, L, W) ;= j^(QcohG(X), L, W) 
cohG(X, L, W) := i^(cohG(X), L, W) 
lniaiX,L,W) := j^(InjG(X), L, W) 

LFrG(X, L, W) := j^(LFrG(X), L, W) 

MiciX, L,W) :=j?(lfrG(X),L,lF). 

We define categories of acyclic factorizations as 

AcyclG(X, L, W) := AcycF^"(QcohG(X), L, W) 

Acyclc (X, L, W) := AcycF°(QcohG(X), L, W) 
and derived factorization categories are defined as 

DQcoht;(X, L,W):= D'^'’"(QcohG(X), L, W) 

DcohG(X, L,W):= D'^^"(cohG(X), L, W) 

DLFrG(X, L,W):= D'^^"(LFrG(X), L, W) 

DlfrG(X, L, W) := D""^(lfrG(X), L, W). 

We call the category DcohG(X, L, W) the derived factorization category of a gauged LG 
model {X, L, W)'^. For E,F E Qcohg(X, L, W), we say E and E are quasi-isomorphic if E and 
E are isomorphic in DQcohg(X, L, IF). We denote by DcohQcohg(X, L, IF) the full subcategory 
of DQcohg(X, L, IF) whose objects are quasi-isomorphic to objects in DcohG(X, L, IF). If G is 
trivial, we drop the subscript G in the above notations. 
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Remark 4.4. By Lemma 4-^0, if X is smooth, then A.cyc\q{X, L,W) = Acycl“(X, L, 14^) and 
hence DQcohG(X, L, W) = D“(QcohG(X), L, W). 

Definition 4.5. A gauged LG model {X,O{x),0)^^'^'^ such that the potential is zero, the char¬ 
acter X ■ G X Gm —t Gm is projection, and the action of Gm is trivial, is called of a-type. If G is 
trivial, the gauged LG model (X, C)(x), 0)®™ of a-type is called of trivial n-type. 

The derived factorization category of a gauged LG models of a-type is equivalent to bounded 
derived category of coherent sheaves on some algebraic stack. 

Proposition 4.6 ([3], Gorollary 2.3.12). Let (X, C)(x), be a gauged LG model of a-type. 

Then we have an eguivalence 

DcohGxG^(X,O(x),0) - D"(coh[X/G]). 

The following lemma is necessary to replace objects of DQcoh(^(X, L, hh) or GcoLq^X, L,W) 
to ones with injective (or locally free) components. These replacements ensure that we can dehne 
derived functors between derived factorization categories from exact functors between homotopy 
categories of factorization categories. 

Lemma 4.7 (cf. [19], Lemma 2.10.). Assume that X is smooth. Then we have 

(1) For any F G Qcoh(^(X, L, W) there exists a bounded exact seguence 

/” —)■ 0 m Z°(Qcoh(^(X, L, hh)) with all G Inj(^(X, L, hh). In particular, there is an 
isomorphism F —)■ Tot(J*) in DQcoh(^(X, L, W). 

(2) For any object F of QcoIiq^X, L,W) (resp. cohciX, L,W)) there exists a bounded exact 

seguence 0 —)■ P” —)■ F —)■ 0 m Z°(Qcoh(^(X, L, W)) (resp. Z°(cohG'(X, L, W))) 

with all P™ in LFrG(X, L, W) (resp. lfrG(X, L, W)). In particular, we have an isomorphism 
Tot(P’) ^ P. 

Proof. This is an equivariant version of [19, Lemma 2.10]. Since Qcoh(^(X, L, hh) has enough 
injective objects and for any equivariant sheaf E G Qcoh(^(X) there exist an equivariant locally 
free sheaf P and surjection P ^ E (see e.g. [6, Proposition 5.1.26]), the exact sequences can be 
constructed in a similar way as in [19, Lemma 2.10]. □ 

Lemma 4.8 ([2] Proposition 3.11). Assume X is smooth. We have 

Hom/^o(QcohG(Y,i,,w))(A,/) = 0 

for any A G AcyclG'(X, L, hP) and I G H^(ln}Q{X, L,W)). Moreover, the following compositions 
are eguivalences; 

H%lnic{X, L, W)) P°(QcohG(X, L, IP)) ^ DQcohG(X, L, W) 

P°(injG(X, L, IP)) ^ P°(QcohG(X, L, IP)) ^ DcohG(X, L, IP), 
where inj(^(X, L, IP) is the dg-subcategory o/Inj(^(X, L, IP) consisting of factorizations which are 
guasi-isomorphic to factorizations with coherent components. 

Since the embedding P°(inj(^(X, L, IP)) —)■ P°(Inj(^(X, L, IP)) is fully faithful, so is 

DcohG(X, L, IP) ^ DQcohG(X, L, IP) 
by the above lemma. Hence we have a natural equivalence, 

DcohG(X, L, IP) ^ DcohQcohG(X, L, IP) 
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Lemma 4.9 ([2] Proposition 3.14). Assume X is smooth. The following natural funetors are 
equivalences: 

DLFrG(X, L, W) DQcohG(X, L, W) 

DlfrG(X, L, W) DcohG(X, L, W) 


Lemma 4.10 (cf. [19], Corollary 2.23.). Assume X is smooth. The categories H^{Qcoh.Q{X, L,W)), 
iP°(InjG(X, L, W)), AcyclG(X, L, W) and DQcohG(X, L, W) are closed under arbitrary direct sums 
and therefore idempotent complete. 

Proof. We can prove this in a similar way as in [19, Corollary 2.23]. □ 

We define the supports of factorizations and complexes of factorizations as follows: 

Definition 4.11. Let E G Z°(cohG(W, L, IP)). The snpport Supp(i?) of E is defined as 

Supp(i?) := Supp(i?i) U Supp(i?o)- 

For an object E* G 'D^{Z^{co\ig{X, L,W))), we define the snpport Supp(i?*) of E* as 

Supp(£-):=|JSupp(jy-(B-)). 

iez 

Remark 4.12. By definition the support of E* G D'’(Z°(cohG(W, L, IP))) is the union of supports 
of objects E* G D'’(X), i.e. Supp(i?*) = lJj=o i where the support of a complex in D'^(X) 

is defined by the union of supports of its cohomologies. 

In the following, we define properness of the “support” of an object in DcohG(W, L, IP) by using 
totalization. 

Definition 4.13. Let / : X —)■ T be a morphism, where Y is another quasi-projective variety. A 

f 

closed subset Z of X is called /-proper if the composition Z X —)■ T is a proper morphism. 
We denote by cohpg(X, L, IP) the full subcategory of cohG(X, L, IP) consisting of objects whose 
supports are /-proper. 

Let E be an object in DcohG(X, L, W). We say E has a /-proper support if there exists an 
object E* G D'^(Z°(cohG(X, L, W))) such that Tot(F*) is isomorphic to E in DcohG(X, L, W) and 
the closed subset Supp(F*) is /-proper. 

We denote by DnCohG(X, L, IP) the full subcategory of DcohG(X, L, IP) consisting of objects 
which have /-proper supports. 


Remark 4.14. 

(1) DnCohG(X, L, IP) is strictly full subcategory, i.e. closed under isomorphisms in DcohciX, L,W). 

(2) If f is proper morphism then DnCohG(X, L, W) = DcohG(X, L, IP). 

(3) Let g : Y ^ Z be another morphism of quasi-projective varieties. If E E DcohG(X, L, IP) has 
ago f-proper support, then E has a f-proper support. 

(4) An object E G DcohG(X, L, IP) which is quasi-isomorphic to E E coh.f^Q{X, L,W) has a f- 
proper support. 
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4.2. Functors of factorization categories of gauged LG models. Throughout this section, 
we assume X is smooth. In what follows, we dehne exact functors between derived equivariant 
factorization categories. 


4.2.1. Derived funetors between triangulated categories. In this section, we recall dehnitions and 
generalities on derived functors of exact functors of triangulated categories after [21]. Let D be a 
triangulated category, and let C be a full subcategory of V with Verdier quotient Q : V ^ V/C. 
Throughout this section, all functor morphisms of exact functors are assumed to be commutative 
with shift functors, i.e. if a : F —)■ G is a functor morphism between exact functors F, G : T —)■ T' 
of triangulated categories T and T' with shift functors S : T —)■ T and S' ; T' —)■ T', then a 
satishes the commutativity of the following diagram of functor morphisms. 


FS —^ S'F 


GS 


S'a 


S'G. 


Definition 4.15. Let F ; F —)■ T be an exact functor of triangulated categories. The right 
derived functor of F (with respect to C) is a pair (RF,() of an exact functor RF ; D/C —)■ T 
and functor morphism ; F —)■ RF o Q with the following universal property: for any exact 
functor G : D/C ^ T and functor morphism p : F G o Q there is a unique functor morphism 
T] : RF —)■ G making the following diagram commute: 


F 



RFoQ 


vQ 



GoQ. 


We will often drop the subcategory C and C, from the notation, and say simply that RF is right 
derived functor of F. 


Remark 4.16. By the definition, if right derived functor exists, it is unique up to natural equiva¬ 
lence. 


Definition 4.17. Let F : F —)■ T be an exact functor. An object A G F is right F-acyclic with 
respect to C if the following condition holds: if s : A —)■ F is a morphism with cone in C, there is 
a morphism t : B ^ G with cone in C such that F{ts) is an isomorphism. 

Remark 4.18. If A E D is a right F-acyclic with respect to C and in C, then F{A) = 0. 

The following theorem will be applied several times in the following sections to construct exact 
functors between derived factorization categories. 

Theorem 4.19 ([21] Theorem 116). Let F : D ^ F be an exact functor. Assume C is a thick 
subcategory ofD. Suppose that for each object X eD there exists a right F-acyclic object Ax and 
a morphism rjx '■ X ^ Ax with cone in C. Then F admits a right derived functor (RF, with 
the following properties 

(1) For any object X E D we have RF(X) = F{Ax) and C{^) = Fivx)- 

(2) An object X E D is right F-acyclic if and only if ({X) is an isomorphism in T. 

There are similar dehnitions and results for left derived functors. See [21] for the detail. 
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4.2.2. Direct and inverse image. Let Y be another smooth quasi-projective variety with an action 
of G, dehned hj r : G x Y Y, and let / : X —)■ F be an eqnivariant morphism, i.e. f o a = 

E o (1 g X /). 

For the morphism /, the direct image /* : Qcohg(X) Qcohg(y) and the inverse image 
f* : Qcoh(^(y) —)■ Qcoh(^(X) are dehned by 

6) := (/,(X), (1 X M and /*(X, 6) := (/*X, (1 x /)*0). 

Let L G PicG(X) be an eqnivariant invertible sheaf on Y and let W G H^{Y, L)^ be an invariant 
section of L. Then we have potentials {f*L, f*W) and (L, W) of Qcoh(^(X) and Qcoh,^^^) respec¬ 
tively. By the natnral isomorphisms of fnnctors /*((—) 0 f*L) = /*(—) 0 L and /*((—) 0 L) = 

/*(—) 0 f*L, we see that the direct image /* and inverse image f* are compatible with potentials 
with respect to {f*L,f*W) and (L,W) (see Dehnition 3.15). So we have direct image /* and 
inverse image /*, denoted by the same notation as usual ones, between factorization categories 

/, : QcohaiX, rL,rW) ^ qcoha{Y,L,W) 
r : QcohaiY, L,W) ^ QcohaiX, TL, TW). 

Taking H^{—) of these dg-functors, we have exact functors 

/* : H\qcohG{X,rL,rW)) ^ H^{qcoha{Y,L,W)) 

r : H^{qcoha{Y,L,W)) ^ H^{qcoha{X, fL, fW)). 

Since these exact functors don’t send acyclic objects to acyclic ones in general, we need to take 
derived functors of them. In the following, we give a proposition that implies existences of derived 
functors and two lemmas about them, following [19]. Since the proofs are same as [19], we will 
omit proofs. 

Denote the following compositions by same notation /* and /*, 

/, : i/0(QcohG(X, ri, rw)) ^ H^iqcohaiY, L, IF)) ^ DQcohG(F, L, IF) 

r : H%qcoha{Y,L,W)) ^ H%qcoha{X, TL,/*]¥)) ^ DQcohG(X,/U,/W). 

By Lemma 4.7 and Theorem 4.19, we have the following: 

Proposition 4.20 (cf. [19] Theorem 2.35). 

(1) The functor /* : i7°(Qcoh(^(X,/*L,/*IF)) —)■ DQcohg(F, L, IF) admits a right derived 
functor Hf^: : DQcoh(^(X, f*L, f*W) —)■ DQcoh(^(F, L, IF) with respect to AcyclQ(X, f*L, f*W). 

(2) The functor f* : i7°(Qcohc(F, L, IF)) —)■ DQcoh( 5 (X, f*L, f*W) has a left derived functor 
L/*DQcohG(F, L, IF) ^ DQcohG(X, f*L, f*W) with respect to AcyclG(F, L, IF). This left 
derived functor maps to DcohG(F, L, IF) to DcohG(X, f*L, f*W). 

The right derived functor R/* doesn’t map an object E G DcohG(X, f*L, f*W) to an object 
in DcohG(F, L, IF) in general. But the following Lemma 4.21 implies that if E has a /-proper 
support, then R/*(i7) is isomorphic to an object in DcohG(F, L, IF). In particular, if / is proper 
morphism then R/* maps an object in DcohG(X, f*L, f*W) to an object which is isomorphic to 
an object in DcohG(F, L, IF) and we also denote by R/* the following composition 

DcohG(X, ri, rW) ^ DcohQcohG(F, L, IF) ^ DcohG(F, L, IF). 


Lemma 4.21 ([19] Lemma 2.40). Let E G Ch^(0°(Qcohc(F, L, IF)). IfeachH\E) G DQcohG(F, L, IF) 
is isomorphic to an object in DcohG(F, L, IF), then so is Tot(F). 
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Lemma 4.22 ([19] Lemma 2.38). Let E = {Ei Eq ^ Ei ® f*L) G E[^{Qcoh.Q{X, f*L, f*W)) 
and assume that R*/*(-En) = 0 in Qcoh(^(F) for any i > 0 and each n = 0,1. Then E is right 
f^-acyclic. In particular, if f is affine morphism then we have a canonical isomorphism of functors 

Similarly, if E = (Fi ^ Fq ^ Fi ® L) e H^iQcohdY, L, W)) and V f*{E^) = 0 zn QcohG(X) 
for any j > 0 and each m = 0,1, then E is left f*-acyclic. In particular, if f is flat morphism 
then Lf* Lfl f*. 

Since the direct image /* : QcohQ(X) —)■ Qcohg(F) is right cwp-adjoint to the inverse image f* : 
QcohQCL) —)■ QcohQ(X) with respect to potentials {f*L, f*W) and (L, W), /* : Qcoh( 5 (X, f*L, f*W) 
Qcoh(^(F, L, hh) is right adjoint to f* : Qcoh(^(F, L, hh) —)■ Q,coh.Q{X, f*L, f*W), whose adjunc¬ 
tion morphisms are of degree zero. Taking iL°(—), we see that /* ; H^{Qcoh.Q{X, f*L, f*W)) —)■ 
H%QcohG{Y,L,W)) is right adjoint to f* : H^QcohdY, L,W)) H^QcohdX, f*L, f*W)). 
Thus, by [21, Theorem 122], we obtain the following adjoint pair: 

Lf* H Rfl 

4.2.3. Tensor product and local Horn. Let L G PicG(X) and V, IT G H^{X,L)^. 

Taking tensor product gives a bifunctor (—) (g) (—) : Qcoh(^(X) x Qcoh(^(X) —)■ Qcoh(^(X). 
Note that this functor is compatible with potentials with respect to potentials (L, V), (L, IT) and 
(L, V + IT) (see Definition 3.27). So it induces a dg-bifuctor 

(-) ® (-) : QcohG(X, L, V) 0 QcohG(X, L, W) QcohG(X, L,V+ W). 

If we £x an object P G QcohQ(X, L, W), we have an exact functor 

(-) 0 P : H\Qcohc{X, L, V)) -P DQcohG(X, L,V + W). 

Proposition 4.23. The functor (—) 0 P : i7°(Qcoh(^(X, L, T)) —)■ DQcoh(j(X, P, T + IT) has 
a left derived functor (—) 0^ P : DQcoh( 5 (X, L, T) —)■ DQcohg(X, L, T + IT) with respect to 
AcyclG(d7, P, T). If P E cohG(X, P, IT) then this left derived functor maps DcohG(X, P, T) to 
DcohG(X,P,T + IT). 

Proof. The proof is very similar to the proof of [19, Theorem 2.35 (b)], and the detail is left to the 
reader. □ 


Definition 4.24. For any complex C* G D’’(QcohQ(X)), we define an exact functor 

(-) 0^ C* : DQcohG(X, P, IT) ^ DQcohG(X, P, IT) 
as 

P0^ C* ;=P0^T(C'’), 

where T : D'^(Qcoh^(X)) —)■ DQcoh^(X, P, 0) is the functor defined in Definition 3.14. We denote 
by P 0 (P’ if P 01^ T(C'*) = P 0 T(C'’). 

Taking local Horn gives a bifunctor 'Hom{—, —) : cohG(W)°P x Qcoh(^(X) —)■ Qcohg(X). Note 
that this bifunctor is compatible with potentials with respect to potentials (P, T), (P, IT) and 
(P, IT — T) (see Definition 3.28). So it induces a dg-bifunctor 

Hom{-, -) : cohG(X, P, V) 0 QcohG(X, P, IT) ^ QcohG(X, L,W -V). 

If we fix an object Q G cohG(W, P, T), we have an exact functor 

Uom{Q, -) : P°(QcohG(X, P, IT)) ^ DQcohG(X, L,W -V) 
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Proposition 4.25. The functor Hom{Q, -) ; ifO(QcohG(X, L, W)) DQcohG(X, L,W-V) has 
a right derived functor UTLom^Q, —) : DQcohc.(X, L, W) —)■ DQcoh(^(X, L,W — V) with respect 
to AcydciX, L,W). 

Proof. The proof is very similar to the proof of [19, Theorem 2.35 (a)], and the detail is left to the 
reader. □ 

By Lemma 4.21, ii E G DcohG'(X, L, IT), then Il'Hom{Q,E) E DcohQcoh( 3 ,(X, L, IT — V). We 
use same notation IVH,om{Q, —) for the composition 

DcohG(X, L, W) DcohQcohG(X, L,W-V)^ DcohG(X, L,W -V). 

Lemma 4.26. Let E = {Ei -E Eq ^ Ei ® L) E H^{QcohQ{X, L,V)) and P = (Pi —)■ Pq —)■ 
Pi® L) E QcohG(W, L, W). If ToP{En, Pm) = 0 for any i > 0 and any n,m E {0,1}, then E 
is (—) (8) P-acyclic object. In particular, if P E EFig{.X, L,W), then there is an isomorphism of 
exact functors (—) (8)^ P —)■ (—) <8) P. 

Let P = (Pi ^ Po ^ El® L) E P°(QcohG(X, L, W)) and Q = {Qi ^ Qo ^ Qi ® L) E 
cohG(W, L, V). If SxP{Qn, Em) = 0 for each i > 0 and any n,m E (0,1}, then E is PLom{Q, —)- 
acyclic object. In particular, if Q E lfrG(W, L, P), there is an isomorphism of exact functors 
PLom{Q, —) ^ IiPLom{Q, —). 

Proof. The proof is similar to [19, Lemma 2.38], and we leave the detail to the reader. □ 

Remark 4.27. In the above lemma, we can take P and Q as objects whose components are flat 
sheaves. 

Proposition 4.28 ([2] Proposition 3.27). Let R E coh.G{X,L,V). ThenPiom{R, —) : CIco]ig{X, L,W) 
QcohG(W, L,W — V) is right adjoint to (—) ® R : QcohG(W, L,W — V) ^ QcohG(X, L, W). 

Rom(R,—) : {Qcoh.G{X, L,W)) —)■ {Qcoh.G{X, L,W — V)) is right adjoint to (—) <8) R : 

P°(QcohG(W, L, W — V)) -E P°(QcohG(W, L, W)) by the above proposition. If / G InjG(W, L, W), 

J E InjG(X, L,W-V) and P G lfrG(W, L, V), then Pom(P, I) E InjG(X, L,W - V) and J ® R E 
InjG(W, L, W). Hence by Lemma 4.8 and Lemma 4.9 we obtain an adjoint pair, 

{-)®^ R^RHom{R,-). 

Definition 4.29. Let Ox '■= (0 —)■ Ox —)■ 0) G cohG(W, L,0). Then we dehne functors 
(-)v ;= Rom{-, Ox) : cohG(X, L, W)°p ^ cohG(X, L, -W) 
i-)^'^ := RHom{-, Ox) : DcohG(X, L, IT)°p ^ DcohG(X, L, -W). 

Lemma 4.30 ([2] Lemma 3.30, 3.11). The functor, 

i-)^'' : DcohG(X, L, IT)°p ^ DcohG(X, L, -W) 

is an eguivalence. 

For E G lfrG(X, L, W), we have an isomorphism of functors, 

E'^ ®{-) =Hom{E,-). 

For E E DcohG(W, L, hP), there is an isomorphism of functors, 

^ RRomiE, -). 
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Lemma 4.31. Let E G DcohG(X, L, V^) and F G Dcohc^X, L,W). Let Y be a smooth quasi- 
projective variety and let f : X ^ Y be a morphism. If E has a f-proper support, both of E F 
and ILHom^E, F) have f-proper supports. In particular, if E has a f-proper support, so is E^^. 

Proof. By the assumption, there exists an object E* G iy°{ coLq^X, L, V^))) such that Tot(i?*) = 

E and the morphism Supp(i?*) —)■ F is proper. Since X is smooth and for any M G cohG'(X) 
there exists a locally free equivariant sheaf P and a surjection P —)■ M, there exists an object 
P* G D^(Z°(lfrG'(X, L, 1/))) which is isomorphic to E* in YP{Z^{coh.G{X, L,V))). Then we have 

E®^ F = Tot(P*) ®F = Tot(P* (g) F) 

and 

RPom(P,P) = Pom(Tot(P’),P) = Tot (Pom (P’, P)). 

Hence it is sufficient to prove that closed subsets Supp(P* 0 F) and Supp(Pom(P*, P)) are con¬ 
tained in Supp(P*). But this follows from equalities 

Supp(P’0P)= IJ Supp(P’’0 P,) 

* 0 = 0,1 

Supp(Pom(P’,P)) = IJ Supp(Pom(P;,PO) 

A:,/=0,1 

and the fact that for H*,P* G D'^(X), we have Supp(H*0^P*) C Supp(H*) and Supp(RPom(H*, P*)) C 
Supp(H*). □ 


4.2.4. Projection formula, flat base change and Grothendieck duality. Let X and Y be smooth 
quasi-projective varieties and let G be an affine algebraic group acting on X and Y. Let f : X ^ Y 
be an equivariant morphism. Take L G PicG(H) and W G H^{Y,L)^. 

The following proposition is a version of projection formula for factorization categories. 

Proposition 4.32 ([2] Lemma 3.38). For E G DQcohg(F, L, W) and F G DQcohg(X, f*L, f*W), 
we have a natural isomorphism of exact functors, 

RfjF ®^E = R/,(P 0^ L/*P). 


Let Z be another smooth quasi-projective variety with G-action and let u : 0 —)■ P be an 
equivariant flat morphism. Consider the hber product W := X Xy 0, 


W 



0 


X 


/ 


r 

Y. 


Lemma 4.33 (cf. [2] Lemma 2.19). We have a natural isomorphism of functors between coherent 
sheaves, 

u* ° f* = fi° u'* : QcohG,(X) QcohG(0). 

Note that the above natural isomorphism of functors is a cwp-functor morphism. By Lemma 
3.19 (2), we have an induced isomorphism of functors between factorizations, 

W* o /* = /: o u'* : QcohG(X, rL, rw) ^ QcohG(0, U*L, u*W). 
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Since this isomorphism of dg-functors is of degree zero, there is a natural isomorphism of exact 
functors, 

w* o /* = /: o : H%qcoha{X,rL,rW)) ^ H\qcoha{Z,u*L,u*W)). 

Since u and u' are flat, we have Lm* = u* and hu'* = u'*. For E G DQcohg(X,/*L,/*fF), let 
I G Inj(j(X,/*L,/*hF) be an object which is quasi-isomorphic to E. Then we have 

u*oKUE)=u*{Ul))^fi{u'*{I)). 

By the second property of right derived functor in Theorem 4.19 and Lemma 4.22, we see that 
u'*{I) is right /^-acyclic, which implies fl{u'*{I)) = R/' («'*(/)). Hence we have the following: 

Lemma 4.34. We have a natural isomorphism of funetors 

u* o R/, ^ R/' o u'* : DQcohG(X, f*L, f*W) DQcohG(Z, u*L, u*W). 


Definition 4.35. Let 99 : Xi —)■ X 2 be a equivariant morphism of smooth G-varieties. We dehne 
the relative dnalizing bundle G PicG(Xi) as 

■=UxiZ) (p*UJx2^ 

where uxi G PicG(Wj) is the canonical bundle on X* with tautological equivariant structure. 

In [9], Positselski proved a version of Grothendieck duality for derived factorization categories. 
In the following we give an immediate consequence of the Positselski’s result. 

Theorem 4.36 (cf. [9] Theorem 3.8). If f is proper, direet image R/* : DQcoh(X,/*L,/*hF) —)■ 
DQcohCF, L, hF) has a right adjoint funetor f' : DQcohCF, L, hF) —)■ DQcoh(X,/*L,/*fF). An 
explieit form of the funetor /' is the following: 

f'{-) = L/*(-) ® w/[dim(X) - dim(F)], 

where the tensor produet on the right hand side is given by Definition j.2j. 

Proof. Let Dy be a dualizing complex on Y and write := f~^DY, where f~^ is a right adjoint 
functor of the direct image R/* : D’’(X) —)■ D'^(y) of derived categories of coherent sheaves. By 
[9, Theorem 3.8], for any object E G D“Qcoh(X, f*L, f*W) and an object E G D^QcohCF, L, W) 
whose components Fj are flat sheaves, we have an isomorphism 

HomDcoQcoh(V,L,IU)(R'/*-^; F 0 Dy) = HomDcoQcoh(X,/*L,/*IU)(-S; f*{F) G) Dx). 

Since X and Y are smooth, co-derived factorization categories are equal to absolute derived fac¬ 
torization categories by Remark 4.4, and the structure sheaf Oy is quasi-isomorphic to a dualizing 
complex. We have f^Oy = a;x 0 /*iVy^[dim(X) —dimCF)]. Since for any object of DQcohCF, L, W) 
is isomorphic to an object whose components are locally free, in particular, flat, we obtain the the¬ 
orem. □ 


4.2.5. Extension by zero. In this section we construct a relative left adjoint functor i\ of the inverse 
image i* of an open immersion i. 

Let U be an open subvariety of X and \ei i \ U ^ X he the open immersion. In what follows 
we don’t consider G-actions until the next section. 
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Definition 4.37. For F G coh(t/), let F be coherent sheaf on X such that F\u = F. Let Z>o be 
the category such that Ob(Z>o) = Z>o and whose sets of morphisms are defined as follows: 


Hom^ (n, m) 
^>0 ^ ' 


0 if n < m 

{>m} n>m 


Then we define an object i\{F) G Pro(coh(X)) as a functor i\{F) : Z>o —)■ coh(X) defined by 

h(F)(n) ;=X”:F, 

where X is the ideal sheaf defining the complement X \ U. Since the object h(X) doesn’t depend 
on the choice of an extension F by the following Lemma 4.38, this gives an exact functor 


i\ : coh.{U) —)■ Pro(coh(X)). 


The functor i\ is called the extension by zero of i. We also denote by i\ the composition 


coh([/) ^ Pro(coh(X)) ^ Pro(Qcoh(X)). 


Lemma 4.38. Let F G coh(f/) be an coherent sheaf on U, and let N G coh(X) and M G Qcoh(X) 
be subsheaves of i^{F) G Qcoh(X). Ifi*{N) is contained in i*{M), then there is a positive integer 
n such that X”iV is contained in M. 


Proof. Since we can take finite affine covering, it is enough to prove it for the case X = Spec (A) 
and U = Spec(Aj) for some ring A and an element f E A. Then X corresponds to the ideal I = (/) 
of A generated by /. We consider F, N and M as corresponding modules. Let {xk}i<k<r C iV be 
a generator of N. Since i*{N) = N < 8)^1 Af is contained in i*{M) = M < 8)^1 Af, for each k, there 
is an element yk E M and Uk > 0 such that Xk ® ^ = Vk ® f"^^ in L(-F) ^ Af. This implies 

that f^^Xk = Vk E M, since L(X) ® Af = F. Set n := max{nfc|l < k < r}. Then we have 
I^N CM. □ 


Deligne proved that the extension by zero i\ is a relative left adjoint to the inverse image i*. 

Proposition 4.39 (cf. [8] Proposition 4). For any F E coh{U) and {G : I ^ Qcoh(X)) G 
Pro(Qcoh(X)), we have an isomorphism 

Hompro(Qcoh(x))(h(-^), G) — Hompro(Qcoh(c/))('^(X), Pro(i*)(G)), 

where J : coh(17) —)■ Pro(Qcoh(17)) is the natural inclusion. 

Proof. This is shown as follows; 

Hompro(Qcoh(x))(h(X),G) = JimHompro(Qcoh(x))(h(X),G(i)) 

iGl 

= ljmHomQcoh(c/)(X,TG(f)) 

i£l 

= Hompi.o(Qcoh(t/))(-^(X),Pro(P)(G)), 

where the isomorphism in the second line follows from [8, Proposition 4]. □ 

Let L E Pic(X) and let W E II°(X, L). Then (Pro(X), Pro(W)) is a potential of Pro(Qcoh(X)) 
and Pro(coh(X)). We denote their factorization categories by 

Qcohp,„(X, X, W) ;= j^(Pro(Qcoh(X)), Pro(X), Pro(W)) 

cohpro(X, X, W) := j?(Pro(coh(X)), Pro(X), Pro(fF)). 
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The extension by zero i\ is compatible with potentials with respect to {L\i!,W\u) and (Pro(L), Pro(hh)). 
Hence the functor i\ induces a dg-functor 

h : coh{U, L\u, W\u) ^ cohpro(X, L, W). 

Since h : coh(f/) Pro(coh(X)) is an exact functor of abelian categories, i\ preserves acyclic 
objects. Hence i\ : H^{coh.{U, L\u,W\u)) iP°(cohpro(X, L, IH)) naturally induces an exact 
functor 

h : Dcoh(f/, L\u, W\u) ^ Dcohpro(X, L, W). 

On the other hand, there is a natural functor Dcohpro(X, L, W) —)■ Pro(Dcoh(X, L, W)). Compos¬ 
ing it with the embedding Pro(Dcoh(X, L, W)) —)■ Pro(DQcoh(X, L, W)) and i\ : Dcoh(f/, L\u, W\u) 
Dcohpro(^, T, hP), we construct a functor 

h : Dcoh(f/, L|f/, W\u) ^ Pro(DQcoh(X, L, W)), 

which is also denoted by the same notation i\. 

Proposition 4.40. (1) The dg-functor i\ : coh.{U, L\u,W\u) —t Qcohpro(X, L, hP) is J-left adjoint 
to Pro(i*) ; Qcohpro(df, T, hP) —)■ Qcohpro(C, L|f/, hP|f/), where J is the natural embedding functor 
J : coh{U, L\u, W\u) ^ Qcohpro(C, L\u, W\u). 

(2) For any E G Dcoh([/, L\u, W\jj) and F G DQcoh(X, L, hP), we have an isomorphism 

Hompro(DQcoh(X,L,IU))(h(i?), iVvo{F)) = HomDQcoh(!7,L|c7,IU|j7) (-^0* (-^)) • 

Proof. (1) Consider the following diagram, 

coh([/)---^ Pro(Qcoh(X)) 



Pro(Qcoh(f/)) 


where J is the natural embedding. Then Proposition 4.39 implies that i\ is J-left adjoint to Pro(P) 
(see Dehnition 3.22). Hence, (1) holds since the front adjunction J —)■ Pro(i*) oh is a cwp-functor 
morphism. 

(2) Let F J be an isomorphism in DQcoh(X, L, W) such that the components of I are injective 
quasi-coherent sheaves. Then i*{I) is an object whose components are injective quasi-coherent 
sheaves on U. By (1) and Lemma 4.8, the right hand side of the desired isomorphism is isomorphic 
to 

H%{ Ih^ HomQ,oh(x,L,w)(X”F,/)}•). 

neZ>0 

Since taking direct limit is an exact functor, the above abelian group is isomorphic to 

hi^ FO(HomQcoh(x,L,w)(X”F,/)*), 
neZ>0 

which is isomorphic to the left hand side of the desired isomorphism by Lemma 4.8 again. □ 

For later use, we will extend the extension by zero i\ : coh(f/) —)■ Pro(Qcoh(X)) to a functor 
defined on Qcoh(f/). To do it, we need the following lemma. 
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Lemma 4.41 ([8], Proposition 2). Let Y be a Noetherian scheme, and let F G Qcoh(y) be a 
quasi-coherent sheaf. Denote by {Fk}keK the family of all coherent subsheaves of F. Let 0{F) G 
Ind(coh(F)) be a functor given by 

K ^ coh(y) 

UJ UJ 

k \—)■ Fk 

Then 9{—) gives an exact equivalence 


6 : Qcoh(F) ^ Ind(coh(F)). 


Definition 4.42. We define an exact functor 

i^ : Qcoh(f/) Ind(Pro(Qcoh(X))) 

as the compositions 

Qcoh(t/) A Ind(coh(t/)) Ind(Pro(coh(X))) -A Ind(Pro(Qcoh(X))) 

Remark 4.43. By the construction ofi^, we have a natural isomorphism of functors 

i#\coh(U) — 4ndd- 


The following lemma will be necessary to prove Lemma 5.2. 

Lemma 4.44. The notation is the same as above. 

(1) We have a natural functor morphism 

7 # : ^ dnPr**, 

where tinPr : Qcoh(X) —)■ Ind(Pro(Qcoh(X))). Restricting 7 #, we obtain a natural functor 
morphism 

7! : h —)■ i-proF- 

such that ilnd7! 7#|coh((7)- 

( 2 ) Consider the following cartesian square: 


V :=U XxY 
<1 

U - 


Y 


X 


We have a morphism between functors from coh(y) to Ind(Pro(Qcoh(F))) 

A : j#q*q^ <-indPro(p%)j! 
such that the following diagram is commutative: 

tindPro(p%)tproj* 

f-IndPro(p*p*)7|coh(V) 


^ ^InPr*^ ^ 

TnPrJ*Q' q* ^ ^InPrP P*J* 


7<? 9* 


q* 


7ndPro(p*p*)i! 


where d : j*q*q* —)■ p*p*j* is a natural isomorphism of functors. 
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Proof. (1) Let F G Qcoh([/) be a quasi-coherent sheaf on U, and let {Fk}k£K be the family of 
all coherent subsheaves of F. By dehnition, i#{F) : K —)■ Pro(Qcoh(f/)) is a functor given by 
i#{F){k) = h(Ffc), and the object i\{Fk) G Pro(Qcoh(f/)) is the functor given by 

Z>o 3 n I —y F^^'Fk G coh(f/), 

where Fk is a coherent subsheaf of i^.{Fk) such that i*{Fk) = Fk. Hence, the natural inclusion 
Fk ^ i*{F) gives a morphism of functors 

y . ^ ^InPrG- 

(2) For F G coh(H), we will dehne a morphism A(F) : j#q*q*{F) -3 qndPLo(p*p*)j!(F). Let 
{Ek}kGK be the family of all coherent subsheaves of q*q*{F). Then the object j#q*q*{F) G 
Ind(Pro(Qcoh(y))) is given by the following functor 

K Pro(Qcoh(F)) 

k I—)■ ji{Ek) 

In order to dehne a morphism A(F) : i^q*q^{F) -3 tindPro(p*p*)j!(F), it is enough to give a family 
of morphisms {\{F)k : j\{Ek) -3 Pro{p*p^)j\{F)}k£K in Pro(Qcoh(’F)) such that for any inclusion 
V : Ek ^ El, the equation \{F)k = \{F)ij\{v) holds. Let JT” be the ideal sheaf dehning Y \ V, 
and let Ek and F be coherent subsheaves of j*{Ek) and j*{F) with j*{Ek) = Ek and j*{F) = F 
respectively. Then the object j\{Ek) and PTo{p*pj,)j\{F) are the following functors 


^ j'.Ek) 

^>0 —t 

Qcoh(X) 



n ^ 


^ Pro(p*p«^j!(F) 

Qcoh(X) 



m 1 —> 

J^p*p,(F) 


Ek is contained in j*q*q*{F) and p*p^,{F) can be considered as a subsheaf of j*q*q*{F) via the 
isomorphism S{F) : j*q*q*{F) ^ p*p^j^{F). Since j*Ek = Ek is contained in j*p*p^{F) = q*q*{F), 
there is a positive integer N such that Ek is a subsheaf of p*p^{F) by Lemma 4.38. Let 
9\(F)f. : Z>o 9 n i-A n + iV G Z>o be a map, and let A(F)^ ; j\{Ek){n + iV) —)■ Pio{p*p^)j\{F){n) 
be a morphism induced by the inclusion ff^Ek ^ p*p^{F). If we dehne a morphism X{F)k : 
j\{Ek) -3 Pro(p*p*)j!(F) as a map of systems ({A(F)^}„gz>o; ^A(F)fc) for each k E K, then the 
family {\{F)k}keK dehnes a morphism A(F) : j#q*q*{F) -3 qndPro(p*p*)j!(F), and this gives a 
functor morphism 

A : j#q*q* LindPro{p*p^)j\. 

The commutativity of the diagram follows since 7 is induced by natural inclusions, and A is also 
induced by natural inclusions via 6. □ 


4.2.6. Integral functor for factorization. Let Xi and X 2 be smooth quasi-project varieties with 
actions of affine algebraic group G. Take a character y of G, and let Oi{x) be the corresponding 
equivariant line bundle on X^. Let Wi G PP{Xi,Oi{x))^ be a G-invariant section. Then the 
corresponding regular function VFj : Xj —)■ is y-semi invariant, i.e. W{g ■ x) = xio) ' PP{x) for 
any g E G and x E Xi. Denote by tt* : Xi x X 2 —)■ Xj the projection for each f = 1, 2. 
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Throughout this section 4.2.6, dropping the script L from notation, we write DcohG(—, *) instead 
of DcohG(—, L, *), because all equivariant line bundles in this section are the one corresponding to 
the character %. 

Definition 4.45. For P G DQcoh(^(Xi x X2,7r2hF2 — Tr^hFi), we dehne the integral functor <l>p 
with kernel P as 

$P := R7r2*(7rt(-) P) : DQcohG(Xi, W^) ^ DQcohG(X2, 1 ^ 2 ). 

Remark 4.46. If Q E DcohG(Xi x X2,7i2W2 — TT^hFi) has a 712-proper support, then maps an 
object in DcohG'(Xi, hFi) to an object in DcohQcoh(^(X 2 , hF 2 )- We also denote by the following 
composition 

DcohG(Xi, IFi) ^ D,ohQcohG(X2, 1 ^ 2 ) ^ DcohG(X2, 1 ^ 2 ). 

For an object P G DcohG(Xi x X 2 , nfW 2 — Trj'hFi), we dehne objects Pr and Pp in DcohG(Xi x 
X 2 ,nlWi — 7ilW2) as 

Pp;=P^^®7rta;xJdim(Xi)] 

If G is trivial, we see that there are relative adjoint pairs of integral functors. 

Proposition 4.47. Let P G Dcoh(Xi x X 2 , — be an object which has a ni-proper sup¬ 

port. Then for any objects E G DQcoh(Xi, hFi) and F G Dcoh(X 2 , IF 2 ), we have an isomorphism 

HomDQcoh(X2,vy2)(-^)— HoniDQcoh(Xi,Wi)(*^Pz,(-^);-^)- 
In particular, if P has a 772-proper support, then <Fp^ ; Dcoh(X 2 , IF 2 ) —t Dcoh(Xi, hFi) (resp. ‘Fpjjj 
is a left (resp. right) adjoint functor of^p : Dcoh(Xi,IFi) —)■ Dcoh(X 2 , M^)- 

Proof. Since we already have the adjunction H R7r2*, it is enough to obtain the following 
isomorphism 

HoniDQcoh(XixX2,7rjW2)(-D, 7i\E 0^ P) = HomDQcoh(Xi,Wi)(-D 0^ Pl), E) 

for any objects D G Dcoh(Xi x X2,7i2W2) and E G DQcoh(Xi, hFi). This is proved in a similar 
way to the proof of [18, Lemma 4]. Compactify X 2 and denote by X 2 a smooth proper variety 
containing X 2 as an open subvariety. Let t : Xi x X 2 ^ Xi x X 2 be the open immersion, and let 
7fi : Xi X X 2 —)■ Xi be the projection. Then tti = vfi o and TfT is a proper morphism. By Theorem 
4.36 and Proposition 4.40, we obtain the following isomorphism; 

HomDQcoh(XixX2,7r*W2)(^,7ri*^<H)^^) = Hompro(DQcoh(Xi,Wi))(H-Tr*(o(P«)^P^^)<8)a;jF5-[dim(X2)]),P) 

Since the object P^^ has a TTi-proper support, there exists an object P* G D'^(0°(coh(Xi x 
X2,7ri*IFi - 7r^IF2))) such that P^^ ^ Tot(P*) and Supp(P’) is TTi-proper, in particular, t-proper. 
By a similar reasoning to one of [18, Lemma 4], we see that there is an isomorphism 

d((-) P*) P') 

of functors from D’’(0°(coh(Xi x X2,7r2W2))) to Pro(D'^(0°(Qcoh(Xi x X 2 , Trj'hFi)))). By taking 
totalizations of the above isomorphism, we obtain an isomorphism of functors 

d((-) P^"') ^ p((-) P^'^)- 

Hence, we have an isomorphism R7iT*(t!(P 0^ P^'^) 0 cn 7 f 5 -[dim(X 2 )]) = R7ri*(P 0^ Pl). If P has 
a 7r2-proper support, the integral functor $p maps Dcoh(Xi, hFi) to Dcoh(X 2 , IF 2 ), and <hp^ maps 
Dcoh(X 2 , IF 2 ) to Dcoh(Xi, hFi) since Pp has a TTi-proper support by Lemma 4.31. Hence we have 
<hp^ H <hp. Since {Pl)r — P, we obtain the other adjunction $p H <l>p^. □ 
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We will show that the composition of integral functors is also an integral functor. Let X 3 be 
another smooth quasi-projective G-variety, O^lx) be the equivariant line bundle corresponding 
to the character y, and W 3 G H^{X 3 , 03 {x))^ be an invariant section. We dehne morphisms of 
varieties by the following diagram; 


Xi XX2 



where all morphisms are projections. For two objects 

P e DcohG(Xi X X2,7r;W2 - ttIWi) 

Q e DcohG(X 2 X X3,plW3-p;W2), 

we set another object 

P-kQ := TTis^iirl^P e DcohG(Xi x X 3 , q*W3 - q^Wi). 

For two complexes P* G D’’(cohXi x X 2 ) and Q* G D’’(cohX 2 x X 3 ), we also dehne another object 

P'i^Q* e D^(cohXi X X 3 ) 
in the same manner. Then we have the following: 

Proposition 4.48. The notation is the same as above. The composition of integral functors 

DcohG(Xi, Wi) ^ DcohG(X2, fF2) ^ DcohG(X3, fF3) 
is isomorphic to the following integral functor 

DcohG(Xi, Wi) ^ DcohG(X3, fF3). 

The similar result holds for integral functors of derived categories of coherent sheaves. 

Proof. For the proof of the result for derived categories of coherent sheaves, see [14, Proposition 
5.10], for example. We can prove the result for derived factorization categories in the same way. □ 

4.3. Comonads induced by restriction and induction functors. We construct restriction 
and induction functors and study comonads induced by these functors. 

We continue to assume that the quasi-projective variety X is smooth. Let G X and G x^ X 
be the varieties G x X with different G-actions which are dehned as follows; 

GxGx'X —^ Gx'X 

{9,9\x) I —^ {99', x) 
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and 

GxGx^X —^ Gx'^X 

{9,9', x) I —^ {99', 9x). 

Then the following morphisms 

(f-.Gx^X —^ G x^X 

UJ UJ 

{ 9 ,x) I—^ {9,9x) 

and 

n :Gx^X —^ X 

UJ UJ 

{9,x) I—)■ X 

are G-equivariant. The action (t:GxX—)-X onXis the composition tt o ip. 

Let i : X ^ G X X he a. morphism dehned by 

X 3 X I —> (e, x) E G X X. 

We dehne an exact functor t* : Qcohg(G X) —)■ QcohX as 

Qcoh(^(Gx^X) —)■ QcohX 

UJ UJ 

(X, 9) ^ L*X. 

Lemma 4.49. (1) The functor i* : Qcohg(G x^ X) -3 QcohX is an equivalence. 

(2) The functors <p* : Qcohg(G x'^ X) -3 QcohQ(G x^ X) and 99 * : Qcohg(G x^ X) —)■ 
QcohQ(G x'^X) are equivalences. 

(3) The functors n* : Qcohg(X) -3 Qcoh(^(G x'^X) and tt* : Qcohg(G x'^X) -3 Qcohg(X) 
are exact functors. 

Proof. (l)This is a special case of [28, Lemma 1.3.] 

(2) The morphism (p is an isomorphism. 

(3) Since tt is smooth, in particular flat, and affine, rr* and tt* are exact functors. □ 

Definition 4.50. We dehne the restriction functor Res^ : Qcoh(^(X) —)■ QcohX and the 
induction functor Ind^ : QcohX —)■ QcohQ(X) as 

Resc := G o o'* and Indc := cr* o 

Remark 4.51. Note that the restriction functor Resc : Qcohg(X) —)■ QcohX is isomorphic to the 
forgetful functor, i.e. 'Resc{X,6) = X. 

Let L be an invertible G-equivariant sheaf, and let W be an invariant section of L. Then the 
pair {L,W) dehnes potentials of Qcoh(^(X) and QcohX. Since the functors Resc and Indc are 
cwp-functors, these functors induce functors of factorization categories 

ResG : QcohG(X, L, W) -3 Qcoh(X, L, W) 

Indc : Qcoh(X, L, W) -3 QcohG(X, L, W) 

Since l* is an equivalence, the adjoint pair a* H a* induces the adjoint pair 

Resc H Indg. 
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Since the functors Resc and Indc are exact functors, we obtain the exact functor of derived 
factorization categories 

:= ResG : DQcohG(X, L, W) DQcoh(X, L, W) 

Rg* := IndG : DQcoh(X, L, W) DQcohG(X, L, W), 
and these dehnes an adjoint pair 

nG:=(n^HnGj. 

Remark 4.52. The functor 11^ sends objects in DcohG(X, L, IR) to objects in Dcoh(X, L, IR). 
But the functor IIg* does not preserve coherentness of components of factorizations. 

Definition 4.53. We dehne a comonad Tg on DQcoh(X, L, IR) induced by G-action as the one 
induced by the adjoint pair IIg := (Ilg H IIg*); 

TG:=T(nG), 

where the notation is the same as in Example 2.2. Denote by Eg is the comparison functor of the 
adjoint pair IIg := (n^ ^ Rg*), 

Tg : DQcohG(X, L, IR) ^ DQcoh(X, L, IR)tg. 

We recall the dehnition of (linearly) reductiveness of algebraic groups. 

Definition 4.54. Let H be an affine algebraic group over a held K. 

(1) H is called reductive if the radical of iL is a torus. 

(2) H is called linearly reductive if every rational representations of H over K is completely 
reducible. 

Proposition 4.55 ([20] Appendix A). Let H be an affine algebraic group over a field K of char¬ 
acteristic zero. Then H is reductive if and only if linearly reductive. 

Lemma 4.56. If G is linearly reductive, then the adjunction morphism id —)■ Rg*Rg is a split 
mono. In particular, the comparison functor Tc '■ DQcohg(X, L, IR) —)■ DQcoh(X, L, IR)tg is an 
eguivalence. 

Proof. Since the adjunction morphism id —)■ Rg*Rg coincide with the adjunction morphism id —)■ 
TT^TT*, and the morphism E —)■ n^,n*E is equal to the morphism E (g) {Ox —t 7r*7r*(!Ix) via the 
projection formula, it is enough to show that Ox 7r*7r*C>x is split mono. Since G is linearly 
reductive, the homomorphism k —)■ Oc{G) of G-modules is split mono. This means that the 
adjunction Gspec(fc) P*P*Gspec(k) is split mono, where p : G ^ Spec{k) is the morphism dehning 
the base space. Renee by the cartesian square, 

G X - -X 

G-^ Spec(A;), 

we see that Ox —t '^^.^7^*Ox is also a split mono. The latter statement follows from Proposition 2.7 
and Lemma 4.10. □ 

Lemma 4.57. Let X' be another smooth guasi-projective variety with G-action and let f : X' ^ X 
be a G-eguivariant morphism. Let = T(Rg) be the comonad on DQcoh(X',/*L,/*IR) induced 
by its G-action. Let P G DcohG(X, L, IR) be an object. 
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Then there exist functor isomorphisms : R/*n'g ^ IlgR/* and : R/*n^^ ^ IIg^R/* 
such that the following diagrams are commutative; 


n^R/,n' 




'■G 
!4*n 


G* 


n^nca.R/* 




R/*e' 


eR/* 


R/. 

R/.r?' 


r?R/» 


nG*n^R/* 

[nG*n* 


R/* 


7* 


R/*ng^n Q 


o*n': 


T/* 


nG*R/*n'g, 


where e, s', p and p' are adjunction morphisms. In particular, the direct image R/* : DQcoh(X', f*L, f*W) 
DQcoh(X, L, W) is a linearizable functor with respect to and Tg with a linearization Vt := 

Ilgfi* o and the following diagram is commutative: 


DQcoh(X', ri, rW)r^ -- DQcoh(X, L, W)j^ 


Dqcoha{X',f*L,rW) 


R./* 


I 

DQcohciX, L,W). 


The similar results hold for the inverse image Lf* : DQcoh(X, L, W) —)■ DQcoh(X', f*L, f*W) 
and the tensor product (—) 0^ : DQcoh(X, L, V) —)■ DQcoh(X, L,V + W). 

Proof. We only give a proof for the case of the direct image. Let tt : G xX —)■ X and tt' : G x X' —)■ 
X' be natnral projections, and set / ;= id^ xf\ GxX'^GxX. By Lemma 4.49 (1) and (2), 
we have the following eqnivalences; 

$ : DQcohG(G X, n*L, n*W) ^ DQcoh(X, L, W) 

; DQcoht;(G x^^ X',Ti'*f*L,Ti'*f*W) ^ DQcoh(X',/*L,/*W) 

such that Llg = $7r*, IIg* = 11^* = $'7 r'* and = 7r'<h'~^. By the following cartesian 

square 

GxX' GxX 

tt' tt 

X'— - —^x, 

we have isomorphisms of functors between categories of quasi-coherent sheaves; 

: fy* y yf* and w* : fy^ y Tijf. 

By easy computation, we see that the following diagrams are commutative; 




JW w 


f *^7T 


TT^TT*/^ 
yG* 

7 * 


f* 

j*7r^7r 






f 


TThcOJ 

/* 


Since the functor morphisms in the above diagrams are cwp-functor morphisms, taking P°(5(—)), 
we obtain similar isomorphisms of functors between homotopy categories of factorization categories, 
and similar commutative diagrams of morphisms of exact functors between homotopy categories 
of factorization categories. These isomorphisms of functors and commutative diagrams induce 
isomorphisms of functors between derived factorization categories 
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and the following commntative diagrams 


7r*R/*< 

0*71 


77*0* 


R/*vr'V' 




7r*7r*R/* 

EttR/* 

r7* 


R/* — 
R/*<t'* 


VwRf* 


0*7r'* 


- 7r*7r*R/* 

77*0* 

7r*R7*7r'h 


Since R/*®' = <hR/*, applying the eqnivalences <h and to the above fnnctor isomorphisms and 
commntative diagrams, we obtain the desired functor isomorphisms and commutative diagrams. 
The results for the inverse image and the tensor product are proved similarly. □ 


5. Main results 


At hrst, we prepare notation used throughout this section. Let Xi and X 2 be smooth quasi¬ 
project varieties with actions of reductive affine algebraic group G over an algebraically closed held 
k of characteristic zero. For a character y : G —)■ Gm of G, take y-semi invariant regular functions 
Wi G Oxiix))'^ on Xi. Let tt* : Xi x X 2 —)■ Xj and g* : Xi x^i X 2 —)■ Xi be the projections 

and let j : Xi X 2 Xi x X 2 be the embedding. We have the following commutative diagram: 


Xi XX2 



Abbreviating Oxi{x): we write 

DQcohG(X„ W) ;= DQcohG(X„ OxAx), W,) 


and 

DcohG(X„ W,) ;= DcohG(X„ Ox^x), m). 


5.1. Equivariantization. The action of G on Xj induces an adjoint pair 

R;=(n*HR*), 

where the functor If* and 11** are given by restriction and induction functors respectively; 

n* := ResG : DQcohG(X*, Wi) -A DQcoh(X*, Wi) 

R* ;= Indc : DQcoh(X*,R) ^ DQcoha{Xi,Wi). 

Denote by T* be the comonad on DQcoh(Xj, Wi) induced by the adjoint pair If* = (If* H 11**) and 
let T* be the comparison functor of the adjoint pair If*, 

T* : DQcohG(X*, R*) ^ DQcoh(X*, R*)t,. 
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Theorem 5.1. Let Pq G DcohG(Xi x X 2 ,tt 2 W 2 — ttJ'ITi) he an object and set P := ResciPc) ^ 
Dcoh(Xi X X 2 ,n 2 W 2 — 7r*lTi). Assume that P has a Tii-proper support {i = 1,2). If the integral 
functor <l>p : Dcoh(Xi, Wi) Dcoh(X 2 , W 2 ) is fully faithful (resp. equivalence), then the integral 
functor <I>Pq : DcohG(Xi, Wi) —)■ DcohG(X 2 , W 2 ) is fully faithful (resp. equivalence). 

Proof. Set {Pl)g ■= ® 7r2a;x2[dim(X2)] G DcohG(Xi x X 2 ,'kIWi — 7r2lT2) and Pl ■= 

ResG((pL)G) £ Dcoh(Xi x X 2 .,t^IWi — 7r2lT2)- Then we have the following diagram. 





By Lemma 4.57, there exist functor isomorphisms 12* : 12* : ^p^jlli* n 2 *‘hp, 

Q*l : ^pjl 2 ^ n);<h(p ^)(3 and 12p* : <l>(p^)jjn 2 * A- ni*<l>p^ such that the diagrams corresponding to 
(i) and (ii) in Lemma 2.11, namely the following diagrams, are commutative. 


$pn*n 


nio 




n2n2*<hp 


1 * 


$ 


m^Pr 


Pg 



e 24 ’p ^PqIIi 


*TT ^F^l T 

^ T 

T TT* ^ TT 


n2*Ll2<hpQ 

I 


n2*<hpn);. 


0 ^ 112 * 

‘^RLn2n2* 




n);ni*<hp^ 


$ 


Pl 


$ 


(Pl)g 


^^‘^(Pl)g 



ei-I-Pp 


<I>p^e2 


TT TT.., ^L*^2 


ni*n);$(p^)Q 

ni*o* 


fPL)G^R*^h 


ni*<hp^n2. 


where and pi are adjunction morphisms of the adjoint pair (If* H Llj*). Combining Lemma 2.12 
with Proposition 4.47 and Lemma 4.56, we see that if $p ; Dcoh(Xi, Wi) —)■ Dcoh(X 2 , IT 2 ) is fully 
faithful, then $Pq ; DcohG(Xi, Wi) —)■ DcohG(X 2 , IT 2 ) is also fully faithful. 

Assume $p is an equivalence. Then, $p^ is fully faithful functor. Applying the above argument 
to <hp^, we see that ^{Pj^)a is also fully faithful. Set 12 := Ll^fi* o 12*ni* and 12p := Llj^lfp* o 12^112*. 
By Lemma 2.12, we see that <hpQ is an equivalence by the following Lemma 5.2. □ 


Lemma 5.2. With notation same as above, the following diagram of functors from DcohG(Xi, Wi) 
to DQcoh(Xi, ITi) is commutative; 


<i>P 4>pnj»?i <i>P onj Op4>pm 

$p^$pnj-^ $p^$pnjni*nj —$p^ 112112* *hpnj^ —^ nj^ni*$p^$pnj^ 



n 


* 

1 


n*»?i 


|n^ni*a;n* 

ntni*nj. 
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where a; : —)■ idDcoh(Ni,iUi) is the adjunction morphism of H $p). 

We will prove the above lemma in the next section. 


□ 


5 . 2 . Proof of Lemma 5.2. In what follows, we will prove the above Lemma 5 . 2 . Since it seems 
difficult to verify the commutativity of the diagram (*) directly, we will replace it with another 
diagram (*)', and decompose the diagram (*)' into several diagrams whose commutativity are 
easier to verify. 

Take a smooth proper variety X2 containing X2 as an open subvariety as in the proof of Lemma 
4 . 47 . Let i : Xi X X2 Xi X X2 be the open immersion, and let 7 fi : Xi x X2 —)■ Xi be the 
natural projection. Denote natural projections by p* : G x Xj —)■ Xj, pi2 : G x Xi x X2 —)■ Xi x X2 
and P12 : G X Xi X X2 —)■ Xi X X2, and set 

TT^ := X TTj : G X Xi x X2 —y G x Xj 

f '.= 1(5 X i G X Xi X X2 —y G X Xi X X2 

TTi' '.= 1(5 X TTi : G X Xi X X2 —y G X Xi. 

Then objects Qg ■= Pu^g e DcohG(G x Xi x X2,773*^2^2 - and {Ql)g ■= Pi2(-Pl)g e 

DcohG(G X Xi X X2^n'ip\Wi — 773*^2^2) dehne functors 

: DQcohG(G X Xi,p\Wi) DQcohG(G x X2,p^W2) 

F ^ A,(rnF)<gf‘Qa) 

and 

^(Q^)a ■ DQcohc(G X X2 ,p^IT 2) —)■ DQcohG(G x Xi,pj;lTi) 

E ^ 7 rj,( 7 r'*(i 7 ) 0 ^(gp)G). 

Note that Qg has a Tr'-proper support (i = 1 , 2 ). Hence the functors and preserve 

coherent factorizations. 

Similarly, the objects Q := ResG(gG) ^ Dcoh(G x Xi x X 2 , 773 *^ 2^2 — Ql '■= 

ResG((gL)G) £ Dcoh(G x Xi x X2, 7 rj*pj;hTi — 773*^2^2) dehnes functors 

Tq : DQcoh(G x Xi,p\Wi) —^ DQcoh(G x X2,p^IT2) 


and 


: DQcoh(G X X 2 ,p^W 2 ) 


E 


'—^ 7r'^(7rf(F) 

^ DQcoh(G X Xi,pjITi) 
'—^ K*iX2{E)®^ Ql)- 


By Lemma 4.49 the composition, 

i* o^* ■. DQcohG(G X Xi,pj;iTi) ^ DQcoh(Xi, Wi), 
is an equivalence, and the following diagrams are commutative. 


DQcohG(G X XgpIWi 


'’Qg 


DQcohG(G X X2,p*W2) 


L Dip 


L Op 


DQcoh(Xi,ITi) 


DQcoh(X2,W2) 
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and 


DQcohG(G X X2,vW2) 




DQcohG(G' X Xi.plWi) 


DQcoh(X2,1^2) 




DQcoh(Xi,l^i). 


Let Vl' : '^QqPIpu ^ P 2 P‘ 2 *^Qg ^'l • ^(QL)Gp 2 P‘i* ^ {Ql)gPiP^* functor isomorphisms 

induced by the functor isomorphisms Vt : <hpn];ni* A- n 2 n 2 *<hp and Vt' : <hp^ 112112 * ^ n^ni*$p^ 
via the equivalence l* oip* respectively. Via the equivalence l* 099 *, the diagram (*) is commutative 
if and only if the following diagram is commutative; 




{Ql)g 


^QgPI 






{Ql)g 


^QgP*iPi*P*i -^ ^(Ql)gPIP2*^QgPI 


^'l'^QgP* 


pIPi*^{Ql)g'^QgPI 


^'gPi 


Pi 


pIPpi 


YiP^*'^'gPi 

pIpupI, 


where u'q : '^{Ql)g'^Qg idDcohG(GxXi,pjWi) is the adjunction morphism of H 

Furthermore, since the restriction functor 

ResG ; DQcohG(G x X 2 , 7 r 2 *p;fF 2 ) ^ DQcoh(G x X 2 , 7 r 2 *P 2 W" 2 ) 

is faithful functor, in order to prove that the above diagram is commutative, it is enough to show 
that the following diagram is commutative. 


. 


'^Qr'^QPlPpi '^Qr^'Pl ^'l'^OPI 

'^Q.^QPl -^- - ^Q.^QPlPuPl — ^q,P*2P2.^qPI — 




Pi 


PIPPI 


PlPl*aj 


■PlPuPl: 


where u' : 'Lq^^'q -)■ idDcoh(GxAi,p‘Wi) is the adjunction morphism of ('Fq^ H d'g). 
To decompose the diagram (*)', we give the following: 


Lemma 5.3. Given the following diagram of functors 


Fi F 2 

x4.i x4.2 x4.3 



f' 

Gi 

t\ 

G2 

t\ 

p* 


Pi* P2* 


P2* P3* 



b 

1 

P 

w 

I 

n 



^'1 r ^ A '2 r ^ ^'3 


Gj G' 


and isomorphisms of functors hip. : FiPfPi^ ^ Pj!,_^Pi+i*Fi and Qa ■ GiP*^^Pi+u ^ PiPi*Gi, 
assume the adjunction (G* H P*) and {P* H Pj*) for each i = 1,2. Set P := P 2 o P^ and G := 
Gi o G 2 , and denote by u : GF —)■ id the functor morphism given by the composition GF = 

G 1 G 2 P 2 P 1 GiFi id, where Uy : GyFi —)■ id is the adjunction morphism. Let VLp : 

FPfPu —t PfPs^tF and Qq '■ GP^Pz* Pi"Pi*G be the functor isomorphisms induced by hip. and 
LlciJ he. hip := hlpjPi oP 2 r 2 p^ andflc ■= ^GiG 2 oGiQg 2 - For each i = 1,2, consider the following 
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diagrams of functor morphisms 


GiFiP*7ji GiQF.P*^ G.G-FiP* 

T7 D* ^ A 17 D* D D* * D* D 17 D* ^ . D* ID IP TD^ 

KjririJr^ -^ {jrjrir^ li^i^ -^ iprir^j_^ri^\^rir^ -^ rji^Kjfirir^ 


• i ^ i 




LOiP* 


p* 


P*Vi 


2 *'-^ I-*- i 

P*Pi,iOiP* 


p* p p* 


where 17 * : id —)■ Pi^P* is the adjunction. 

If the above diagrams (<C>)i and (< 0)2 are commutative, and there exist isomorphisms of functors 
fi : F[Pi^,Pf ^ P 2 ^.PfF[ and v : FiPf ^ FfP with the following diagrams 


(t): 


FiPfPuPf 

yPi*Pt: 

PfFiPuPf 


flp^p* 




PfP2.F,Pf 

P^P2*u 
P* P P* T7> 


(tt) : FiPuPf 


Fivi 


F[ 


JD TD* T?' 

-f 2 *-f 2 -^1 


mF[ 


commutative, then the following diagram (<C>) is also commutative. 

(❖): 


GFPf 

P* - 


GFR*r?i GUfP* UgFP* 

-^ GFPfPuPf -^ GPfPs^FPf -^ PfPuGFPf 


PtVl 


P*Pl*a;Pj‘ 

-- PfPuPf. 

Proof. At first, we show that the following diagram is commutative; 

G2PPi*j?i G 2 F 2 eip.PT G2OF2E1P7 UgoFPi 

G2FPf -^ G2FTiPf --'daPsTaPiPi* G 2 T 3 PP 1 * TsGsPPi* 


(*) 


<^ 2 PlPi 

F,Pf 


FiPlrji 


PiTiP* 


Ufi Pt 


T 2 UJ 2 F 1 PI 

T 2 P 1 P;, 


where T* := P*Pi* for i = 1, 2, 3. By the commutativity of the diagram (f), the following diagram 
is commutative; 

PiPrm 


FiPf 

V 

PfFi 


F^PfPuPf 

uPltP{ 

P2*Pi'Pl*Pi* 


Ufi Pt 



vPl*Pl 

L, 

L p> ^ 


P*P 2 ,PiP* 

P 2 *P 2 *F 


p* p p* P' 

F^2^‘i*^2 Fp 


and we have Pfp o PfF[pi = Pfp 2 F[ by the commutativity of the diagram (ff). Hence we see 
that, via the isomorphism of functors u : FiPf A- PfF[, the commutativity of the diagram (J|k) is 
equivalent to the commutativity of the following diagram 

G2F2PTmF!, G2eiF^PXF\ Og,E2P2*P' 

G T? D* T?I ^ ^ 2. jp jp! 2 2 1^^ jy jp jp! 2 z 1 J-,* r> T? P* T?l 

2 X 21 ^ 2^1 -^ C^2P2-r22*-f2-^1 -^ (-^2-^3-f3*P 2-^2-^1 -^ F^2 ^2*^2^ 2F^2 ^ I 


UJ 2 P 2 Fi 

P* p' 


P^mFi 


P^ P2*t2J2P2 F{ 
P* P P* T7l 

F^2F2*F^2 Fp 


This diagram is commutative by the commutativity of the diagram (<C>)2- 
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Now we see that the diagram (<C>) is commutative as follows; 

P^ 7 ]i o caP* = TiWiP* o o GiVIf^Pi o GiPiPi*r/i o G1UJ2F1P1 

= TiWiP; o na.FiPi o G1T2UJ2F1P1 o Gin^FP* o GVIf.FiP* o GF2VtF,Pi o GPPi*?]! 

= TiWiP; o ° ^g,G2FPI o ° GVtF^FiPl o CPsI^Fi A* ° GPPi*r/i 

= TiuP* o o GVIfP^ o 

where the first equation (resp. the second equation) follows from the commutativity of the diagram 
(<C>)i (resp. (J|k)), and the third equation follows from the functoriality of the functor isomorphism 
ffci- □ 


The adjoint pair 




Dcoh(G' X Xi,p*fTi) , Dcoh(G' x X 2 ,p;fT 2 ) 

is induced by the following three adjoint pairs 

(1) : TTf H tG'* 


Dcoh(G' X Xi,p*fTi) , Dcoh(G x Xi x X2,tG'*pWi)^ 


where ni\ := R7ri'^((-) O pi 2 *a;^[dim(X 2 )]). 

(2) :*!((-) gLv) q g 

Dcoh(G X Xi X ^,7fr'*ptfTi) , Dcoh(G' x Xi x X 2 ,7r^*p^fT2) 

and 

(3) : TT^* H Rtt^^ 

Dcoh(G' X Xi X X2,7r^*p^fT2) ^ Dcoh(G x X 2 ,plW 2 ). 

Hence the adjunction morphism u' : —)■ idDcoh(GxAi,pjmi) in fhe diagram (*)' is the 

composition 


= R'^i*«(7rrR7r2*(i'*7fl'*(-) 0^ Q) 0^ 0pIi*x;^[dim(X2)]) 

^ {-) 0^ Q 0^ 0 ^*a;7f5-[dim(X2)]) 

^ R7f'^(7fr'*(-) 0^*a;^[dim(X2)]) 

Cl. -1 

—t iaDcoh(GxAi,p*Wi); 

where for each i = 1, 2, 3, Q is the functor morphism induced by the adjunction morphism of the 
above adjunction pair [i). Hence, by Lemma 5.3 and Lemma 4.57, to prove that the diagram (*)' 
is commutative, it is enough to prove that the following diagrams (*)' are commutative; 
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-/-/* * * - - - - ^ PI -.- 

TTiiTTi PiPuPi -^ 7ri'pi2 Pl2*7ri ^ PiPuTTlW pI 


%i7fT*p5; 


‘^iPi 


Pi 


PiVvi 


PiPi*‘^iPi 


■PlPl*Pl^ 


where f2i : 7ri'*p^pi* Pi 2 *Pi 2 *'T^i* and : 7ri|pi2*pi2* —^ PiPuT^i\ are the functor isomorphisms 
given by Lemma 4.57, and : TfiiTfi^* —)■ id is the adjunction morphism of the adjoint pair (1). 


./ ./ *-^ 

*(3**(3 Pi2 


^qJq P12*%I2 


./ *, 


Pl2 Pl2*Pl2 




/ * 


P12 


_UL2i'Q*Pl2^^_ ^_ 

^Pl2 P12 JqJq Pl2 


PV2* 


Pi2*npi2 


P12*P12,I^2P12* 


Pl2*Pl2^Pl2*, 


iQ*Pl2*Pl2* ^ P12*P12 Jq* 


where iQ^{—) ■= f*((—) Q^'^) and ig* := i' (—) (g)^ Q, and 1^2 

and VLl2 '■ *q*Pi2*Pi 2* —t Pi2*pI2**q* are the functor isomorphisms given by Lemma 4 . 57 , and 
uj'2 : iq^'q* —t id is the adjunction morphism of the adjoint pair ( 2 ). 


^2 R^2*P12 -^ 712 Rvr2^Pl2 Pl2*Pl2 ' 


O3P12* 


K*P2*P2^'RTrLpi2 


0_L3R7r2^pi2 


Pl2*Pl2*7r^*RT^*Pl2 


UJ'^P12* I 
PI2* 


P12*»?pi2 


|pi2*Pl2*t<^3Pl2* 

Pl2*Pl2*Pl2b 


where ffa : Rvr 2 ^pi 2 *pi 2 * ^ P 2 *P 2 *Rt 2 * and : tt 2 *P 2 *P 2 ^ ^ Pi2*Pi2^7^2* are the functor isomor¬ 
phisms given by Lemma 4.57, and cug : —)■ id is the adjunction morphism of the adjoint 

pair (3). 

In the following, for each i = 1, 2, 3, we will prove that the diagram (*)' is commutative. 

• Proof of the commutativity of (=t:)j 

Since the adjunction morphism uj[ : TfiiTi'* —t idDcoh(GxNi,p*iUi) is a restriction of the adjunction 
morphism uj[ : TflfTfi'* -> idDQcoh(GxXi,p*iUi) of the adjoint pair 


DQcoh(G' X Xi,pj:lPi) 


TTl 


DQcoh(G X Xi X X2,7fr'*ptR'i), 


we have the functor morphism 


/ * 5 )C -/-/* ^ 

^iPiPi*Pi : TTiiTTi p^PuPi PiPi*Pi- 
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By the functoriality of cuj, to prove the commutativity of it is enough to prove that the 
following diagram is commutative; 



The adjunction morphism 


t —/—/* , • 1 

UJl : TTiiTTi —> id 


is given by the composition of the following functor morphisms; 


If : t (-) 0 ^ pjR 7 fr*a;^[d 2 ] 

and 

iIj : (-) plYVKl^Uj^[d2] —t (-), 

where d 2 := dim(X 2 ), the functor morphism f is given by the projection formula and an iso¬ 
morphism RTi*^* = pjRvfi*, whence 99 is a functor isomorphism, and tjj is given as follows. 
Let 

a : R^*a;^[d2] —t Ox^ 

be the following composition of morphisms in D'’(Xi); 

R7fr*a;wr[c?2] ^ RTr*Tr’(Oxi) —^ C>Ai, 

where the morphism R7fi*Tr'(C>Xi) —^ Oxi is induced by the adjunction morphism of the adjoint 
pair, 

TVr 

RtT, H Tfl' D^(cohXi) D'^(cohXi x ^). 


Then the functor morphism 'ijj is given as 

^ := (-) 0 p*T(n), 

where T : D'’(Xi) —)■ Dcoh(Xi,0) is the functor dehned in Dehnition 3.14. Hence it is enough to 
prove that for any object F G Dcoh(G x Xi,p\W) the following two diagrams are commutative, 




R7ri*(7ri'*p*pi*(F) 0pi2*c<;^[d2]) 

TflJOl 

RTrU^*^*Tr'*(F) ®Fi2UJ^[d2]) 

^LlW'* 

pjpi*RTr*(Tl'*(F) ®p^*uj^[d2]) 


‘PPIPi* 


■ PiPi*(-^) pI^tiuUJwtW] 
Pi{Pi*{F) 0^ R7fr*c<;^[(i2]) 




PiPi*{.{.F) 0^ p*R7rua;7f5-[d2]) 
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and 


)'ic: 


PlPl*{P) p\R'Kl^UJwT[d2] 


PlPl*{F)®Pir{a) 


■p\Pi*{F)®plOx, 


Pi{Pi*{F) ^ ^ pI{pu{F) (g) Ox^] 


PiPi*{{F) ® plR'W^^UxT[d2]) - ^pIPi*{{F) 0PiC>Xi), 


P*iPi*{F) 


where arrows with no symbols are natnral isomorphisms. 

At hrst, we show the diagram is commntative. Since fnnctor morphisms in the diagram 
are natnral in F and UwY[d 2 ], we can replace the objects F and UnY[d 2 ] with objects E G 
Dlfr(G X Xi,p\W) and / G DQcoh(Xi x X2,7fi*hh) whose components Ji and Jq are injective 
sheaves respectively. Then derived fnnctors in (*)ib are isomorphic to nnderived fnnctors, since 
the derived fnnctor in the lowest row on the right side in (*)r is isomorphic to underived functor, 
and the direct images pu and pjT* maps locally free sheaves to locally free sheaves, and the 
projection formulae for pi and pjT hold in categories of quasi-coherent sheaves without assuming 
locally freeness of sheaves. So it is enough to prove that the commutativity of the similar diagram 
in the abelian category Qcoh(G x Xi). But this is checked by easy computations. 

Next, we show the diagram (*)ic is commutative. The commutativity of two square diagrams on 
the left side follows automatically by the functoriality. So we have only to verify that the triangular 
diagram on the right side is commutative. But this is verihed by easy computations, and the detail 
is left to the reader. 


• Proof of the commutativity of (=t:)2 

To decompose the diagram (*) 2 , we will embed the diagram (=t :)2 to a larger category. Before 
embedding it, we provide some functors and some functor morphisms. 

Since the functor : Qcoh(G x Xi x X 2 ) Ind(Pro(Qcoh(G x Xi x X 2 ))), constructed in 
Dehnition 4.42, is exact and compatible with potentials, it induces a functor 

4 : DQcoh(G X Xi X X 2 ,t^[*pIWi) Ind(Pro(DQcoh(G x Xi x X^,^plWi))). 

Let i\ : Dcoh(G x Xi x X^^n'iPXWi) —)■ Pro(DQcoh(G x Xi x X2,7rj pjhPi)) be the extension by 
zero, and set 

0^'^) and 4^(-) := 4((-) 0^ 

Functor morphisms constructed in Lemma 4.44 (1) induces functor isomorphism 


7 q ! : i'qi ^ 

and functor morphism 

7q# : i'q# GnPr^g*- 

with qnd7Q! = 7Q#|Dcoh(GxXixX2,7r'yp*Wi)- Let 4 : ^qJq id be the adjunction morphism. Then 
the morphism tproiv^ : i® decomposed into the following compositions 


•/ •/* 

^Pro*Q**Q 






“Q ■/ ./* 
- > IP 


^i\ 


^Pro? 


where uq : (—) 0^ Q 0^ (—) and cjj' : i'p* i-pm are the adjunction morphisms. Further¬ 

more, the functor morphism constructed in Lemma 4.44 (2) induces a functor morphism 


A : 4Pi 2P12* -t TndPL0(pi2*Pl2*)4 



54 


Y. HIRANO 


Now we are ready to decompose the diagram Let ^ Pi2*Pi2**l and hi*, : 

i'*Jh2*Th2* ^ 'Pi2'Pi2*i'* be natural functor isomorphisms. Set igt^qv^—) '■= i'* {—) Q1 and 
let f^g’^Qv : fQ(giQvPi2*^* —t Pi2*Pi2**Q®Qv be the functor isomorphism given by natural functor 
isomorphims fis : ^ Pi2Pi2J'q* and figv : pl2Pi2*i-) ^ P*i2Pi2*ii-) 

Embedding the diagram (=t:)2 into the category Ind(Pro(DQcoh(G x Xi x X2,n[ PihLi))) by the 
inclusion 

iinPr : DQcoh(G X Xi X X^y^*plWi) -A Ind(Pro(DQcoh(G x Xi x X^y^*plWi))), 
the diagram (*)2 is decomposed into the following diagram 


*qPqPi 2 * 




^'qPqP 12 * 


U)Q 


7 7 -* 

hLPi 2 


P12 


%I 2 


ib) 

%I 2 


(e) 


iQ*Pl2*Pl2j'Q*Pl2* 



‘^Q 


i'#i'*Pi2*Pi2*Pu 


n* 


OJQ 


if) 




i'#Pl2*Pl2j'*Pl2* -P12*P12P(*'*P12* 


^12 


■Pl2 Pl2*Pl2 , 


where functor morphisms attached to arrows are the ones which induce the functor morphisms, 
and we omit embedding functors tinPr and tpro from the above diagram. The diagram (a) is 
commutative, since ^ 2^2 is given by Qqv and hli'*. The commutativity of the diagrams ( 6 ), (c), (e) 
and (/) follows from the functoriality of functor morphisms, and the diagram [d) is commutative 
by Lemma 4.44 ( 2 ). Hence, it is enough to verify the commutativity of the following diagrams 


and 


l2b 


I2a ■ 




t^Q*'*Pl 2 *Pl 2 . 




•Pi 2 Pi 2 *P 


L nLV^ 


*'Pl 2 *Pl 2 *(-) 


n*, 


■ P12P12** 


g 0^ g 

pLpi 2 *‘^q*'’ 
/* 


blndiK -^ i#i'*Pl2*Pl2* -^ i'#Pl2*Pl2j'* -^ TndPro(^*^Ji(T 


tinPr 


^ItiPtVp -12 


f-lndPro(pi2*pi2*)t<^i; 

/ 

dnPrPl2*Pl2* 


We show that the diagram {*)2a is commutative. Let Hg : Pi2Pi2*(—) 0 ^g ^ Pi2Pi2*((~) 0 ^g) 
be the natural functor isomorphism. Then, the functor morphism ^2 : *g*fh2*Pi2* ^ Pi2*Pi2**g* 
is the following compositions of functor morphisms 

^ Pl2Pl2*(-)0 g - >Pl2Pl2*^ {-) ® Q Pi2P12*{'^ (-)0 g)- 
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Moreover, the following diagram 


i'*Vi 2 *Vi- 2 , 








■ P12P12** 


L /OLV 


i'pi 2 *Pl 2 *{-) 


o* 


■ P12P12** 


r Q Q 

f* 


is commutative by the functoriality of the functor morphism ujq. Hence, to show that the diagram 
{*)2a is commutative, we have only to show the commutativity of the following diagram 


P12P12** 






P^ 2 P 12 *(^q(-)) Q 


^o' 
LV ^ 




■ Pi 2 P 12 *GqI 


Q 


LV'i 



P^ 2 P 12 **'* 



Replacing the object P G Dcoh(Xi x X 2 , 7 r 2 hh 2 — Tibhi) with an object in Dlfr(Xi x X 2 , 7 r 2 hh 2 — 
Trj'hhi), we may assume that the object Q = PI2P is an object whose components are locally free 
sheaves. Then, the functors in the above diagram are underived functors. Hence, the commu¬ 
tativity of the diagram is verified by easy diagram chasing of morphisms between quasi-coherent 
sheaves, which is left to the reader. 

Since all of the functors in (=t:)2ft are underived functors, the diagram {*)2i, is also verihed by 
diagram chasing of map of systems, which is also left to the reader. 


Proof of the commutativity of 

By the functoriality of Wg, the following diagram is commutative: 


P 2 *'^P 2 *P 12 * 

a;^pi 2 * 


7r'*R7r'^pi2*r)pi2 * 

-^ R^2*P12 P12*P12 


P12 


PI 2 Vpi2 


■ PiPPu^Pu* 


Hence, to prove that the diagram (^jg is commutative, it is enough to prove the following diagram 
is commutative: 


P 2 *'^P 2 *P 12 *P 12 * 


^2 


7r2*P2P2*R7r2* 




P*12P12*P2*'R-P2* 



PI2P12* 


Since we may replace any object in Dcoh(G x Xi x X2, 7 r 2 *P 2 ^ 2 ) with an object whose components 
are injective sheaves, the commutativity of the above diagram can be checked by easy diagram 
chasing of morphisms between quasi-coherent sheaves, which is left to the reader. 


5 . 3 . Main Theorem. At hrst, to state the main theorem, we give the dehnition of G-linearizable 
objects. 

Definition 5.4. Let X be a variety with G-action. An object F of D’^(cohX) is called G- 
linearizable, if F is in the essential image of the forgetful functor D’^(cohG'X) —)■ D’^(cohX). 
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Now we are ready to state and prove the main theorem. 

Theorem 5.5. Let P G D'^(cohXi x^i X 2 ) be a G-linearizable object whose support is proper over 
Xi and X 2 . If the integral functor : D'^(cohXi) —)■ D'^(cohX 2 ) is an equivalence (resp. fully 

faithful), then there is an integral functor 

: DcohG(Xi, ITi) ^ DcohG(X2, W 2 ) 

which is also an equivalence (resp. fully faithful) for some Pq G DcohG(Xi x X2,7r2hh2 — 7r*hhi). 

Proof. Since P is G-linearizable, we may assume that there is an object Pg G D’’(cohGXi x^i X2) 
such that n(PG') = P, where 11 ; D'’(cohG'Xi x^i X2) —)■ D’’(cohXi x^i X2) is the forgetful functor. 
Set ^ 

Pg := J*(T(Pg)) e DcohG(Xi x X2,7r*2W2 - 

where T : D’’(cohG'Xi x^i X 2 ) —)■ DcohG'(Xi x^i X2,0) is the exact functor dehned in Dehnition 
3.14, and j* : DcohG(Xi x^^i ^2,0) —)■ DcohG(Xi x X2,7r2hh2 — is the direct image of 

embedding j : Xi x^i X 2 —)■ Xi x X 2 . Let P := ResG(PG) G Dcoh(Xi x X2,7r2hL2 Then 

we have 

P = J*(T(P)) = j;(Tot(r(P))) - Tota(r(P))), 

where r ; D'^(cohXi x^i X 2 ) —)■ D'’(Z°(coh(Xi x^^i X 2 , 0))) is the functor given by the same manner 
as in just before Dehnition 3.14, and j* in the last one is the direct image 

j, ; D'^(Z°(coh(Xi Xai X 2 , 0 ))) ^ D'^(Z°(coh(Xi x X 2 , 0 ))) 

induced by an exact functor j* : Z°(coh(Xi x^i X 2 , 0 )) Z°(coh(Xi x X 2 , 0 )) between abelian 
categories. Since Supp(j*(T(P))) = Supp(P), P has a TTj-proper support {i = 1,2). By Theorem 
5.1, it is enough to show that if the integral functor *hj*(p) : D'^(cohXi) —)■ D'’(cohX 2 ) is an 
equivalence (resp. fully faithful), then the integral functor 

: Dcoh(Xi, Wi) -P Dcoh(X 2 , 1 ^ 2 ) 
is an equivalence (resp. fully faithful). 

Assume that the integral functor *hj*(p) : D’’(cohXi) —)■ D'’(cohX 2 ) is fully faithful. The integral 
functor *hj.(p) induces the extended functor : D(QcohXi) —)■ D(QcohX 2 ). Then the functor 

is also fully faithful since it preserves any direct limit and any object in the unbounded 
derived category D(QcohXi) is isomorphic to the direct limit of a direct system of objects in 
D’’(cohXi) by [29, Proposition 2.3.2]. Hence by the argument in the proof of [1, Theorem 5.15], 
we obtain an isomorphism of functors 

O <|>~ = idDQcoh(Xi,R'i)) 

where ; DQcoh(Xi, fPi) ^ DQcoh(X 2 , 1 ^ 2 ) and : DQcoh(X 2 , 1 ^ 2 ) ^ DQcoh(Xi, ITi) are 
the extended functors from and its right adjoint respectively. This isomorphism of functors 
induces the restricted isomorphism of functors 

o <|>p ^ idDcoh(Xi,Wi)- 

Since <hp H <hp by Proposition 4.47, this isomorphism implies that the functor $p : Dcoh(Xi, Wi) —)■ 
Dcoh(X 2 , W 2 ) is fully faithful by [13, Lemma 4.6]. 

If the integral functor ‘hj.(p) ; D'^(cohXi) —)■ D'^(cohX 2 ) is an equivalence, its left adjoint functor 
^j*(P)L is fully faithful. Hence, by the above argument, we see that a left adjoint functor <hp^ : 
Dcoh(X 2 , IH 2 ) Dcoh(Xi, Wi) of the fully faithful functor $p is also fully faithful. Hence <hp is 
an equivalence. □ 



EQUIVALENCES OF DERIVED FACTORIZATION CATEGORIES OF GAUGED LG MODELS 57 

5.4. Applications. In this last section, we give two applications of the main theorem. 

5.4.1. Flops of three folds. Let X and be smooth quasi-projective threefolds, and let the 
diagram 

X 4 F A x+ 

be a flop. Set Z := X Xy X~^ and let t : Z —)■ X x X~^ be the embedding. 

In [5], Bridgeland shows the following theorem: 

Theorem 5.6 ([5]). The integral funetor 

$,,(o,):D"(cohX)^D"(cohX+) 

is an equivalenee. 

Let G be a reductive affine algebraic group acting on X, X^ and Y with the morphisms / and 
/■*■ equivariant. Take a semi invariant regular function Wy : Y —)■ A^, and set W := f*Wy and 
:= f^*Wy. Consider the following cartesian square; 


X Xai X+ 



The embedding t : Z ^ X x X^ factors through X x X^, i.e. l is the composition of embeddings 
i : Z ^ X x^i X+ and j : X Xai X+ ^ X x X+. Set 

P := i,{Oz) e D^(cohX Xai X+). 

Since flopping contractions / and f~^ are proper morphisms, the support of P is proper over X and 
X"*". Furthermore, the object Oz G D^(cohZ) has a tautological G-equivariant structure. Hence, 
P is a G-linearizable object. Consequently, we obtain the following corollary of Theorem 5.5: 

Corollary 5.7. We have an equivalence of derived factorization categories; 

: DcohG(X, W) ^ DcohG(X+, 1F+). 

We dehne X-equivalence of gauged LG models. The above gauged LG models (X, and 
(X+, W~^)^ are X-equivalent. 

Definition 5.8. Let Xi and X 2 be smooth varieties with group G-actions, and let Wi : Xi —)■ 
and W 2 : X 2 —)■ A^ be y-semi invariant regular functions for some character y : G —)■ The 

gauged LG models (Xi, C>(y), Wi)'^ and (X 2 , G(y), are called X-eqnivalent, if there exists 
a common G-equivariant resolution of Xi and X 2 


Z 



Xi X2 

such that p*Wi = q*W 2 and p*a;xi = 0 *^X 2 - 

By Gorollary 5.7 or [27, Gonjecture 2,15], it is natural to expect the following conjecture: 
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Conjecture 5.9. If two gauged LG models {X, 0{x), Wx)^ and (Y, 0(x), Wy)^ are K-eguivalent, 
then their derived faetorization eategories are eguivalent; 

DcohG(X, Wx) = DcohG(r, Wy). 

The above conjecture for i^-equivalent gauged LG models of trivial a-type is proposed by Kawa- 
mata [16]. The converse of the above conjecture is not true in general. A counterexample to the 
converse of the Kawamata’s conjecture is given by Uehara [30]. 


5.4.2. Eguivariantizations of derived eguivalenees. Let G be a reductive affine algebraic group, and 
let Xi and X 2 be smooth quasi-projective varieties with G-actions. 


Corollary 5.10. Let P e D'^(cohXi X X 2 ) be an object. Assume that P is G-linearizable object 
and the support of P is proper over Xi and X 2 . Ghoose an object Pq G D^(cohG'Xi x X 2 ) such 
that n(PG') = P, where If ; D'^(cohG'Xi x X 2 ) — )■ D'^(cohXi x X 2 ) is the forgetful functor. If the 
integral functor <hp ; D'^(cohXi) —)■ D’’(cohXi) is an eguivalence (resp. fully faithful), then the 
integral functor 

: D'^(cohGXi) ^ D"(cohGX2) 
is also an eguivalence (resp. fully faithful). 

Proof. Extend the G-action to G x Gm-action by Gm acting trivially. Then P is G x Gm-linearizable. 
By Theorem 5.5, there is an object Pgxg^ ^ DcohGxGm(^i ^ ^ 2 , 0) which induces an equivalence 
(resp. fully faithful) 

0) ^ DcohGxG™(-^2, 0). 

By Proposition 4.6 and equivalences cohc-Xj = coh[Xj/G] for each i = 1, 2, we have equivalences 

Lli : DcohGxG^(A:i,0) = D’"(cohGXi). 

Since the following diagram 


DcohGxGm(-^l) 0) 

rii 

D'^(cohGXi) - 


DcohG'xG,„(-^2, 0) 
^2 

-D'’(cohGX2) 


is commutative, the integral functor <l>Pg is also an equivalence (resp. fully faithful). □ 

Corollary 5.10 is shown if the group G is hnite by Ploog [23, Lemma 5]. We can also prove 
Corollary 5.10 for hnite group actions by the result of [12]. 
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